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Abstract. The aim of this article is to develop the theory of 
motivic integration over Deligne-Mumford stacks and to apply it 
to the birational geometry of Deligne-Mumford stacks. 
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1. Introduction 

In this article, we study the motivic integration over Deligne-Mumford 
stacks, which was started in |Yaslj . The motivic integration was intro- 
duced by Kontsevich |Konj and developed by Denef and Loeser |DLlj . 
DL2] etc. It IS now well-known that the motivic integration is effective 
in the study of birational geometry. For example, Batyrev [Bat] has 
applied it to the study of stringy £^-functions and Must at a [Musj to 
one of the singularities appearing in the minimal model program. 

We first recall the motivic integration over varieties. Thanks to Se- 
bag jSebj . we can work over an arbitrary perfect field k. Let X be a 
variety over k, that is, a separated algebraic space of finite type over 
k. For a non-negative integer n, an n-jet of X over a fc-algebra i? is a 
i?[[t]]/t""''^-point of X. For each n, there exists an algebraic space J„X 
parameterizing n-jets. For example, J^X is X itself and JiX is the 
tangent bundle of X. The spaces J„X, n G Z>o constitute a projective 
system and the limit JooX := lim J„X exists. We can define a measure 

fix and construct an integration theory on J^oX with values in some 
ring (or semiring) in which we can add and multiply the classes {V} 
of varieties V and some class of infinite sums are defined. For exam- 
ple, we can use a completion of the Grothendieck ring of mixed Hodge 
structures {k = C) or mixed Galois representations [k a finite field). If 
X is smooth, then we have 

f ldfix=l^x{JooX) = {X}. 

To generalize the theory to Deligne-Mumford stacks, it is not suf- 
ficient to consider only i?[[t]]/t"+^-points of a stack. Inspired by a 
work of Abramovich and Vistoli |iAVij . the author introduced the no- 
tion of twisted jets in jYaslj . Let A" be a separated Deligne-Mumford 
stack of finite type over k and /X; be the group scheme of /-th roots 
of unity for a positive integer / prime to the characteristic oi k. A 
twisted n-jet over X is a. representable morphism from a quotient stack 
[(Speci?[[t]]/r'+^)/M,^fc] to X. We will prove that the category JnX of 
twisted n-jets is a Deligne-Mumford stack. If k is algebraically closed 
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and X is a. quotient stack [M/G], then we have 



3gConj(G) 



Here Conj(G') is a representative set of conjugacy classes, the fixed 
point locus of g and Cg is the centralizer of g. The right hand side 
often appears in the study of McKay correspondence. There exists 
also the projective limit J^oo'^ '■= When X is smooth, we 

define a measure and construct an integration theory on the point 

set I ^J^oo^^ I • 

Let L be the class {A^} of an affine line. To a variety X and an ideal 
sheaf X C Ox, we can associate a function ordT : JooX Z>o U {cxd} 
and a function L™'^-^. Consider a proper birational morphism f : Y —>■ 
X of varieties with Y smooth. The Jacobian ideal sheaf Jacj C Oy is 
defined to be the 0-th Fitting ideal of fly/x- If ^ is also smooth, then 
this is identical with the ideal sheaf of the relative canonical divisor 
Ky/x '■= Ky — f*Kx- Let foo : JooY — ^ Joo^ be the morphism 
induced by /. The relation of the measures /ix and /ly is described by 
the following transformation rule: 



This formula was proved by Kontsevich |Konj , Denef and Loeser |DLlj , 
and Sebag |Sebj . Using this, we obtain many results in the birational 
geometry. For instance, Kontsevich proved the following: If f : Y ^ X 
and f : Y ^ X' are proper birational morphisms of smooth proper 
varieties over C, and if Ky/x = Ky/x', then the Hodge structure of 
H'{X, Q) and that of H'{X', Q) are isomorphic. 

We generalize the transformation rule to Deligne-Mumford stacks. 
If we consider only representable morphisms, no interesting phenom- 
enon appears. A morphism of Deligne-Mumford stacks is said to be 
birational if it induces an isomorphism of open dense substacks. For 
example, if M is a variety with an effective action of a finite group 
G, then the natural morphism from the quotient stack [M/G] to the 
quotient variety M/G is birational. A morphism f : y X is said to 
be tame if for every geometric point y of 3^, Ker (Aut(?/) — Aut(/(x))) 
is of order prime to the characteristic of k. The transformation rule is 
generalized to tame, proper and birational morphisms. 

Let X be a geometric point of J^O'^ and x its image in X. A /x^-action 
on the tangent space T^X derives from x. If for suitable basis, C ^ fJ-i 
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acts by diag(C"^, . . . , ("'''), 1 < < /, then we define 

1 ' 

sht(x) := d — - Oj. 

^ i=i 

Thus we have a function sht : \JqX\ Q. We denote by Sx^ the 

composite \Joo'^\ — ^ |i7o'^| Q- 

Also for a birational morphism / : 3^ A" of Deligne-Mumford 
stacks, we define its Jacobian ideal sheaf, Jac/, in the same way. How- 
ever, the associated order function ord Jacj is a Q- valued function. 

Now we can formulate the generalized transformation rule as follows: 

Theorem 1.1. Let f : y ^ X he a tame proper birational morphism 
of Deligne-Mumford stacks of finite type and pure dimension. Suppose 
that y is smooth and that X is either a smooth Deligne-Mumford stack 
or a variety. Then we have 

j Fh'^dfix = y"(Fo/^)L— dJ-z+^^d/iy. 

(See Theorem 3.41] for details). 



Remark 1.2. The theorem was proved in |Yaslj for the morphisms from 
a smooth stack X without reflection to its coarse moduli space with 
Gorenstein singularities. 

We apply the transformation rule to the birational geometry of Deligne- 
Mumford stacks. We recall Batyrev's work ^Batj as a background of this 
subject. Suppose k = C Let M be a smooth variety, G a finite group 
acting effectively on M and X = M/G be the quotient variety. By cal- 
culations, Batyrev showed a relation of the orbifold E'-function of the 
G-variety M and the stringy i?-function of X. Denef and Loeser |DL2j 
proved a similar result with motivic integration. From the viewpoint of 
stacks, the orbifold i?-function is defined rather for the quotient stack 
[M/ G] than for the G- variety M. The natural morphism [M/ G] ^ X 
is proper and birational. Then Batyrev's result can be viewed 
lation of invariants of birational stacks. We will reformulate his results 
in a full generality from this viewpoint. 

Let X he a smooth Deligne-Mumford stack of finite type over a per- 
fect field k, D = UiDi a Q-divisor on X and W C \X\a. constructible 
subset. We put J^) := ■ ordX^i. We define an invariant 



T.w{X.D) := [ L 



(W) 



Here vr : J'ooX X is the natural projection. The function sht : 
\J^oX\ — > Q is, in fact, locally constant and for a connected component 



MOTIVIC INTEGRATION OVER DELIGNE-MUMFORD STACKS 



5 



V, sht(V) G Q is well-defined. E D = and W = \X\, then the 
invariant is equal to 



If /c = C and X is proper, this has the information of the Hodge 
structure of the orbifold cohomology defined below. 

In characteristic zero, we can generalize the invariant T,w{X,D) to 
the case where X is singular: A log Deligne-Mumford stack is defined 
to be the pair (A", D) of a normal Deligne-Mumford stack X of finite 
type and a Q-divisor D on X such that Kx + -D is Q-Cartier. For a log 
Deligne-Mumford stack {X,D) and a constructible subset W C \X\, if 
/ : 3^ — > is a proper birational morphism with y smooth, then we 
define T,w{X,D) := T,f-i(^w){y, f*{Kx + D) — Ky). This invariant is 
a common generalization and refinement of the stringy i?-function and 
the orbifold ii^-function. By a calculation, we will see that Tjw{X, D) ^ 
oo if and only if {X, D) is Kawamata log terminal around W (For the 
definition, see Definition I4.17|) . 

The following is the direct consequence of the transformation rule 
and viewed as a generalization of Batyrev's result and Denef and Loeser's 
one. 

Theorem 1.3. Let {X, D) and {X', D') be log Deligne-Mumford stacks. 
Assume that there exist a smooth DM stack y and proper birational 
morphisms f : y ^ X and f : y ^ X such that f*{Kx + D) = 
{f'y{Kx' +D') and f-^{W) = {f')-\W'). In positive characteristic, 
assume in addition that X and X' are smooth and that f and f are 
tame. Then we have 



Remark 1.4. Kawamata |Kawj obtained a closely related result in terms 
of the derived category. 

Finally we give corollaries of this theorem. 

Let G C GL(i{C) be a finite subgroup and X := C^/G the quotient 
variety. For g E G, we define a rational number age{g) as follows: 
Let / be the order of g and ( := exp(27rV— 1//). If we write g = 
diag(C''S . . . , C""^)) < < / — 1, for suitable basis of C, then 



If g E SLrf(C) , then a.ge{g) is an integer. The following was called the 
Homological McKay correspondence. It was proved by Y. Ito and Reid 
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|IR,j for dimension three and by Batyrev for arbitrary dimension jB 
(See also |Rei2j ) . 

Corollary 1.5. Suppose that G C SL(i(C) and that there is a crepant 
resolution Y X . For an even integer i, put 

Ui := \^{g e Conj(G)|age(5() = i/2}. 

Then we have 

' {i: odd) 

Q{-i/2)®''' {i : even) 



H\Y, 



Since X = C^/G has only quotient singularities, Kx is Q-Cartier 
and its pull-back by arbitrary morphism is defined. For a resolution 
f : Y X and for each exceptional prime divisor E G Y, there is a 
rational number a{E, X) such that 

KY = rKx+J2a{E,X)E. 

ECY 

The discrepancy of X is defined to be the infimum of a{E, X) for all 
resolutions Y —y X and all exceptional divisors E (ZY. The following 
is a refinement of Reid-Shepherd-Barron-Tai criterion for canonical (or 
terminal) quotient singularities (see |Reill §4.11]). 

Corollary 1.6. For a finite group G C GL^(C) without reflection, the 
discrepancy of X = C^/ G is equal to 

min{age(5()|l g e G} - 1. 



Chen and Ruan |CRj defined a new cohomology for topological orb- 
ifolds (Satake's l^-manifolds) , called orbifold cohomology. We give its 
algebraic version. Let A" be a smooth Deligne-Mumford stack over C. 
For i G Q, we define 

HUX,Q):= W-'^'^'^''\V,Q)(g>Qi-shtiV)). 

VcJoX 

Here V is the coarse moduli space of V. If X is proper, then if*^^(A', Q) 
is a pure Hodge structure of weight i. (We define Hodge structure with 
fractional weights in the trivial fashion.) The following was conjectured 
by Ruan |Ruaj and a weak version was proved by Lupercio-Poddar 
|LPj and the author |Yaslj independently. This is a generalization of 



Kontsevich's theorem stated above. 

Corollary 1.7. Let X and X' he proper and smooth Deligne-Mumford 
stacks of finite type overC Suppose that there exist a smooth Deligne- 
Mumford stack y and proper birational morphisms f : y ^ X and 
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f : y ^ X' such that Ky/x = Ky/x'- Then for every i G Q, there is 
an isomorphism of Hodge structures 

We also define the p-adic orbifold cohomology. Let A" be a smooth 
Dehgne-Mumford stack over a finite field k. and p a prime number 
different from the characteristic of k. If necessary, replacing k with its 
finite extension, we define 

Hl,{X ® k, Qp) := if-2sht{v)^-p ^ ^ Qp(-sht(V)). 

VcJoX 

Replacing k is necessary to ensure that fractional Tate twists Qp(— sht(V)) 
exist. 

Corollary 1.8. Let X and X' he proper and smooth Deligne-Mumford 
stacks of finite type over a finite field k. Suppose that there exist 
a smooth Deligne-Mumford stack y and tame proper birational mor- 
phisms f : y X and f'-.y^X' such that Kyjx = Kyjx'- Suppose 
that the p-adic orbifold cohomology groups of X and X' are defined. 
Then for every i G Q, there is an isomorphism of Galois representa- 
tions 

Hl,{X ®k k, Qpr = HU^' ®k k, Q^r- 
Here the superscript "ss" means the semisimplification. 

For varieties, T. Ito |Itolj and Wang |Wanj obtained a similar result 
over number fields. 

1.1. Notation and convention. Throughout this paper, we work 
over a perfect base field k. A Deligne-Mumford stack (DM stack for 
short) is supposed to be separated. What we mean by a variety is a 
separated algebraic space of finite type over k. 

• N, Z>o : the set of positive integers and that of non-negative 
integers 

• [M/G] : quotient stack 

• lA"! : the set of points of X 

• X : the coarse moduli space of a DM stack X 

• K,s ■= [Dni,s/t^i,k] 

• Dn,s ■■= Speci?[[t]]/t"+i {S = SpecR) 

• Hi C k : the group of l-th roots of unity 

• /X; ^, := Spec A;[x]/(x' — 1) : the group scheme of l-th roots of 
unity over k 

• Conj(G) : a representative set of conjugacy classes [g] of g E G 
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• Conj(yLi;, G) : a representative set of conjugacy classes of /Lt; 
G 

• JnX: n-jet space 

• Jn"^ X : For a scheme with G-action and a : fii G , Jrf' X C 
JnX is the locus where the two /u^actions on JnX coincide 

• J^X : the stack of twisted n-jets of order I 

• JnX := Uchar {k)\i ^i'^ " stack of twisted n-jets 

• T^n '■ JoqX Jn'^ 1 '■ JooX — >■ X : natural projections 

• fn '■ Jn'^ '■ the morphism induced J -.y ^ X 

• 91, 6 : the semirings of equivalence classes of convergent stacks 
and convergent spaces 

• L := {A^} 

• MHS and MHS^^^ : the category of mixed Hodge structures 
and the category of ^Z-indexed ones 

• Gk '■= Ga].(k/k) : absolute Galois group 

• Mi?(Gfc,Qp) : the category of mixed Galois representations 

• tlx '■ motivic measure 

• sht(p), sht(V) : shift number 

• Sx '■ the composite JooX ^ JqX Q 

• Jac/, Jacx : the Jacobian ideal sheaves of a morphism / and a 
variety X 

• ordX : the order function of an ideal sheaf X over JooX 

• 3d '■ For a Q- divisor D = ^UiDi, if Id. is the ideal sheaf of 
Di, then 3d ■= ^UiOidlD,. 

• ux, Kx and Kyjx '■ canonical sheaf, canonical divisor and rel- 
ative canonical divisor 

1.2. Acknowledgments. I am deeply grateful to Yujiro Kawamata 
and Francois Loeser for their encouragement and useful advice. I would 
also like to thank Masao Aoki, Julien Sebag and Orlando Villamayor 
for useful conversations, and Sindhumathi Revuluri and Laura Sobrin 
for their proofreading. The referee's comments were helpful in revis- 
ing this paper. I have written this paper during my stay at the Ecole 
Normalc Supcricurc. I was fortunate enough to study in a favorable en- 
vironment. Financial support has been provided by the Japan Society 
for the Promotion of Science. 



2. Stacks of twisted jets 
2.1. Short review of the DeHgne-Mumford stacks. 
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2.1.1. We first review the Deligne-Mumford (DM) stack very briefly. 
We mention the book of Laumon and Moret-Bailly |LMBj as a reference 
of stacks. We will sometimes use results from it. 

Fix a base field k. Let (Aff/fc) be the category of affine schemes over 
k. A DM stack X is a. category equipped with a functor X — >• (AS/k) 
which satisfies several conditions. It should be a fibered category over 
(Aff / k) and is usually best understood in terms of the fiber categories 
X{S), for S e (AS/k), and the pull-back functors /* : X{T) ^ X{S) 
for / : 5" — s> T. The X{S) are groupoids with, at least for S of finite 
type, finite automorphism groups. 

The DM stacks constitute a 2-category. In terms of the fiber cat- 
egories, a 1-morphism (or simply morphism) f : y X is the data 
of functors fs '■ y{S) '^{S), compatible with pull-backs, and a 
2-morphism f ^ g is a. system of morphisms of functors fs —>■ Qs, 
compatible with pull-backs. A scheme, or more generally an algebraic 
space X is identified with the DM stack with fibers the discrete cat- 
egories with sets of objects the X{S) := Hom(5', X). A diagram of 
stacks 

x^^y 

a 
Z 

is said to be commutative if a 2-isomorphism go f = h has been given. 
The strict identity g o f = h is not required. 

A morphism f : y ^ X of DM stacks is called representable if for 
every morphism M X with M an algebraic space, the fiber product 
M y is also an algebraic space. It is equivalent to that for every 
object ^ & y, the natural map Aut(^) Aut(/(^)) is injective. We 
can generalize many properties of a morphism of schemes to DM stack; 
etale, smooth, proper etc. By a condition in the definition, for every 
DM stack X, there exist an algebraic space M and an etale surjective 
morphism M ^ X, which is called an atlas. We say that X is smooth, 
normal etc if an atlas is so. 

The diagonal morphism A : X ^ X x X of a. DM stack A" is , by 
definition, representable. We say that X is separated if A is finite, that 
is, quasi-finite and proper. Note that A is not immersion unless X is 
an algebraic space. In this paper, every DM stack is supposed to be 
separated. 

2.1.2. Points and coarse moduli space. A point of a DM stack X is 
an equivalence class of morphisms Specif — > X with K D k a field 
by the following equivalence relation; morphisms Special X and 
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Spec K2 ^ X are equivalent if there is another field K3 D Ki, K2 D k 
making the following diagram commutative. 

Spec K3 Spec K2 

Spec Ki X 

We denote by the set of the points by jA"!. It carries a Zariski topology; 
Ac I A" I is an open subset if A = \y\ for some open immersion y X. 
(see jLMBj for details). If X is a scheme, then |X| is equal to the 
underlying topological space as sets. 

A coarse moduli space of a DM stack X is an algebraic space equipped 
with a morphism X ^ X such that every morphism X —>■ Y with Y 
algebraic space uniquely factors through X and for every algebraically 
closed field K D k, the map X{K)/isom — > X{K) is bijective. By 
the definition, it is clear that the coarse moduli space is unique up to 
isomorphism. Keel and Mori [KMj proved that for every DM stack, 
the coarse moduli space exists. If X is the coarse moduli space of X, 
then the map lA^I — |X| is a homeomorphism. 

2.1.3. Quotient stack. One of the simplest examples is the quotient 
stack. Let M be an algebraic space and G a finite group (or an etale 
finite group scheme over k) acting on M. Then we can define the 
quotient stack [M/G] as follows; an object over a scheme is a pair 
of a G-torsor P ^ S and a G-equivariant morphism P ^ M and a 
morphism of {P —>■ S , P —>■ M) to {Q ^ T,Q ^ M) over a morphism 
S* — > T is a G-equivariant morphism P ^ Q compatible with the other 
morphisms. This stack has the canonical atlas M —>■ [M/G]. There is 
also a natural morphism [M/ G] —>■ M/ G which makes M/ G the coarse 
moduli space. The composition M — > [M/G] M/G is the quotient 
map. 

2.2. Stacks of twisted jets. 

2.2.1. In the article |Yaslj , the author introduced the notion of twisted 
jets. There, only twisted jets over fields were considered and the stack 
of twisted jets was constructed as a closed substack of another stack. 
By contrast, in this paper, we consider the category of twisted jets 
parameterized by arbitrary affine scheme and verify that it is actually 
a DM stack. 

We first recall jets and arcs over a variety. Here we mean a separated 
algebraic space of finite type by a variety. Let X be a variety and n a 
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non- negative integer. The functor 
(Aff/A;) ^ (Sets) 

Spec ^ Hom(Spec X) 

is representable by a variety J„X, called the n-jet space. The nat- 
ural surjection -» A;[[t]]/t""'"^ induces a natural projection 
Jn+iX —>■ JnX. Since they are all affine morphisms, the projective 
limit JoqX :— lim J„X exists. This is an algebraic space, but not gen- 
erally of finite type. We call this the arc space. For every field extension 
K D k, there is an identification 

Hom(Specir, J^X) = Rom(Spec K[[t]], X). 

An arc of X is a point of JooX, that is, a morphism Speci^[[t]] X. 
For S — Spec R e (Aff / k) and a non-negative integer n, we put 

L>„,5 SpecR[[t]]/e+\ 

For / a positive integer prime to the characteristic of k, we denote by 
fjii Ck the cychc group of l-ih roots of unity. We define also the group 
scheme of l-th roots of unity over k 

fJ'^k — Speck[x]/{x^ - 1). 

When Hi i^ is a constant group scheme, then we identify it with the 
group /i;. The natural action of /U; ^ on Dn^s is defined by t ^ x <^ t. 
We put 

Also for n = oo, and for a field K D k, we put 

Do,,K := SpecX[[i]] and V^^^, := [D^^k/ fJ^J- 

Definition 2.1. Let A" be a DM stack. A twisted n-jet of order I of 
X over 5" is a representable morphism — > X. For a field K D 

k, a twisted arc (or twisted infinite jet) of order I of X over X is a 
representable morphism V^^ j^ —>■ X. 

Definition 2.2. Let be a DM stack. Suppose n < oo. We define the 
stack of twisted n-jets of order I, denoted J^^X, as follows; an object 
over S G (Aff//c) is a representable morphism T>l^g ^ X, a. morphism 
from 7 : 5 — > A" to 7' : V^ j, X over / : 5" — > T is a 2-morphism 
from 7 to /' o 7', where /' : T>l^ g ^ is the morphism naturally 

induced by /. 

We will prove that it is actually a DM stack. 
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Definition 2.3. We define the stack of twisted n-jet of X by 

char (fc)fZ 

If X is of finite type, then J'^^X is empty for sufficiently large I and 
JTnX is in fact the disjoint sum of only finitely many iT^A". 

Lemma 2.4. The category J^X is a stack. 

Proof. For an object 7 : T>1^ g ^ X of J^X and for a morphism / : 
T ^ S, we have a "pull-back" , 77- := /' o 7 which is unique up to 2- 
isomorphisms. Here /' : "D^ ^ — ^^,5 is the natural morphism induced 
by /. Hence JT^A" is a groupoid. 

We first show that for two objects 7, 7' : 5 ^ X, the functor 

Tsom(7,7') : (Aff/,5) ^ (Sets) 

(T ^ ,5) ^ Hom(^;;^)(r)(7T,7T)- 

is a sheaf. Consider a morphism T ^ S and an etalc cover ]J Tj — T. 
Let Tjj := Ti XtTj. For every object a of Vl^ j,, we have the pull-backs 
ctj and CKjj to j., and . respectively. Since A" is a prestack, the 
sequence 

Hom;t(T)(7T(a),7r(a)) ^ II Hom;t(T,)(77;:(ai): 7r,;("i)) 

=r II Hom^(T. . ) (7r,^ {aij ) , 7^. . (a^^- ) ) 

is exact. Since a morphism of twisted jets is a natural transformation 
of functors, it implies that the sequence 

^ Hom(j-i;t.)(r)(7r,7T) ^ Yl'^o^{Jix){Ti){lTinTi) 

z4 II Hom(^;^)(r,,)(7r,„ 7r,,) 

is also exact, and the functor lsom{j,j') is a sheaf. 

It remains to show that one can glue objects. Let ]J Tj — > T be an 
ctalc cover, let 7j : "Dj^ j,, X he twisted jets and let hij : {'yi)Tij 
ilj)Tij be a morphism in (j7'^A')(Tjj). Assume that they satisfy the 
cocycle condition. Then for every object a of 1^^^, we can glue the 
objects ji{ai) of X, because A' is a stack. Therefore we can determine 
the image of a and obtain a functor 7 : Vl^j, — > X which is clearly 
representable. Thus we have verified all conditions. □ 
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2.2.2. Let y ^ X he a representable morphism of DM stacks. Tlien 
for a twisted jet 5 3^? composing tlie morpfiisms, we obtain a 
twisted jet g ^ X. Thus we have a natural morphism J'^y Jn'^- 
In [yaslj ■ we defined a barely faithful morphism to be a morphism 
f : y ^ X oi DM stacks such that for every object ^ of 3^, the map 
Aut(^) Aut(/(^)) is bijective. Thus all barely faithful morphisms 
are representable. Barely faithful morphisms are stable under base 
change |YasH Lemma 4.21]. 

Lemma 2.5. Let y ^ X be a barely faithful and formally etale mor- 
phism of DM stacks. Then the naturally induced diagram 

J^y ^ Jn'^ 

y ^x 

is cartesian. 

Proof. Consider a commutative diagram 

s ^y 

Ks — - X 

where the bottom arrow is representable and the left arrow is a natural 
one. Then we claim that there exists a unique morphism 5 ~^ 3^ 
which fits into the diagram. The lemma easily follows from it. 

Without loss of generality, we can assume that S is connected. Let 
U C g X X y he the connected component containing the image of 
S. Then the natural morphism U "D^ g is barely faithful, formally 
etale and bijective, hence an isomorphism. It shows our claim. Thus 
we obtain an equivalence of categories, y Jn'^ — J^y- D 

For every DM stack X , there are finite groups Gj, schemes Mj with 
Gj-action and a morphism UjMj/Gj] X which is etale, surjective 
and barely faithful. Hence thanks to Lemma f2. 51 in proving that Ji,X 
is a DM stack, we may assume that X is a. quotient stack [M/G\. Let 
k' / k he the field extension by adding all /-th roots of unity for the order 
/ of elements of G prime to the characteristic of k. Replacing k with 
k' and M with M ®k k', we may assume that /X; ^ is a constant group 
scheme for / such that there is a twisted jet Vl^g^ [M/G]. The action 
Hi r\ Dn,s induces an action /x^ r\ JnM. On the other hand, for each 
embedding a : ^ G , acts on M as a subgroup of G and on J^M. 
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Definition 2.6. We define Jn M to be the closed subscheme of JnM 
where the two actions /x^ r\ JnM are identical. 

Definition 2.7. We define Conj(/X;,G) to be a representative set of 
the conjugacy classes of embeddings ^ G. 

Proposition 2.8. For < n < oo, there is an isomorphism 

a6Conj(/Li;,G) 

Here Ca is the centralizer of a. By this isomorphism, [J^i M /Ca\ cor- 
responds to twisted jets T>\^ g — > X inducing a : ^ G . 

Proof. Let m :— nl. Choose a primitive l-th root ( & Hi of unity. 
Let 7 : — > A" be an object over 5" of J^X. The canonical atlas 
-Dm,s T^n,s corresponds to the object a of "D^ ^ 

/ij-action 

trivial ;u;-torsor 

Dm,S 

The morphism 

^ := C X C"^ : I^m,5 X Mi ^ ^m,S X /X, 

is an automorphism of a over ( : Dm,s Dm,s, whose order is /. Any 
other object of 7?^ ^ is a pull-back of a and any automorphism is a 
pull-back of a power of 9. Therefore the twisted jet 7 is determined by 
the images of a and 9 in X. 
Let the diagram 

P— 

p 

Dm,S 

be the object over -Dm,s of X which is the image of a by 7. Let A be its 
automorphism over ( '■ Dm,s Dm,s which is the image of 9. Because 
7 is represent able, the order of A is also /. Let Q := P x ^ S . Then 
P Dm,s is isomorphic as torsors to D„i,fc ^kQ ^ Drn,k x k S. Since 
we have chosen a primitive /-th root C, we can identify Conj(/Lt;,G) 
with a representative set Conj'(G) of the conjugacy classes of elements 
of order I. 
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Claim: // S is connected, then there are open and closed subsets 
Q' C Q and P' C P which, for some g E Conj'(G), are stable under 
Cg-action and Cg-torsors over S. 

Take an etale cover T ^ S such that Qt := Q x s T is isomorphic 
to the trivial G-torsor T x G ^ T with a right action. Then the pull- 
back of the automorphism A is a left action of some G G over each 
connected component of T. If necessary, replacing the isomorphism 
= T X G, we can assume that the automorphism is given by unique 
G Conj'(G). Let : T x G — > Q be the natural morphism. Then 
we see that 0(T x Gg) n 0(T x (G \ Gg)) = 0, as follows: Let a G Gg, 
b e G \ Gg, X e T X Gg and y e T X {G \ Gg). If = (f){y), then 

= (j){gxg'^) = X(f){x)g'^ = X(j){y)g'^ = (j){gyg~^) + 4>{y). 

It is a contradiction. Similarly P decomposes also. 

Since ih o X)\pi = h\pr and {h o g)\pr = {g o h)\pr, we have 

/l o (C X idg/) = h o [X o g)\p, = [g o h)\p/. 

It means that the morphism Dm,k x^Q' ^ M corresponds to a mor- 
phism Q' {J^Mf°9-^ and that the morphism Q' (J„M)^°^'"' 
and a G^-torsor Q' ^ S determine an object over 5 of a quotient stack 
[{JmM)'^°3-^ /Gg]. Note that {J^M)^°3~' = J^^M. Thus we have a 

morphism J^X U[J^^M/Ga]. The inverse morphism can be con- 
structed by following the argument conversely. □ 

Theorem 2.9. Let X be a DM stack. 

(1) For n G Z>o, and JnX are DM stacks. 

(2) If X is of finite type (resp. smooth), then for n G Z>o, then 
J^X and JnX are also of finite type (resp. smooth). 

(3) For every m > n, the natural projection JmX Jn^ is an 
affine morphism. 

Proof. 1: There is an etale, surjective and barely faithful morphism 
JJJM/Gj] — i> X such that each Mi is a scheme and Gj is a finite 
group. From Lemma 12.51 Proposition 12.81 and |LMBt Lemme 4.3.3], 
the morphism J^^X X is representable. From |LMBt Proposition 
4.5], JT^A" is a DM stack. jTnA" is also a DM stack. The morphism 
J'^X ^ X is also separated and so is JJ^X. 

2 and 3: These also result from Lemma f2. 51 and Proposition 12.81 □ 

In general, a projective system {Xi, pi : A'j+i — > Xi}i>o of DM stacks 
such that every pi is representable and affine, there exists a projective 
limit Xoo = limA'j. In fact, for each i, there is an (9;fo-algebra Ai 

such that Xi = Spec Ai (see |LMB| §14.2]) and the Ai's constitute an 
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inductive system. We can see that Xoo := Spec (lim^j) is the projective 

hmit of the given projective system. 

From Theorem 12. 9[ the projective system {JnX}ri (resp. {JnX}n) 
has the projective hmit 

J^X := limJnX {resp. J^X := limJ^X). 

Then the point set |j7oo'^| is identified with the set of the equivalence 
classes of the twisted arcs ^ X with respect to the following 

equivalent relation: Let 7^ : ^. — >• A", z = 1, 2, be twisted arcs. If for 

a field Ks D Ki, K2 and natural morphisms T^io^Ka ~^ ^L./^i) ^L.i^rz' 
the diagram 

00, K3 00, Ki 

71 

is commutative, then 71 and 72 are equivalent. 

Remark 2.10. For two stacks X and we can define a Hom-stack 
l-iom{X ^ y) which parameterizes morphisms from X to y, and its 
substack T-Com'^'^^{X , y) which parameterizes representable morphisms. 
Olsson |Ulsj proved that if X and y are Deligne-Mumford stacks satis- 
fying certain conditions, then T-Com{X, y) is a Deligne-Mumford stack, 
and T-Com^^P{X, y) is its open substack. Then, Aoki |Aokj proved that 
T-Com{X, y) is an Artin stack if X and y are Artin stacks satisfying 
certain conditions. The stack J'^X of twisted n-jets of order / (n < 00) 
is identical with l-Lonf^^{V^^, X). 

2.2.3. Inertia stack. 

Definition 2.11. To each DM stack X , we associate the inertia stack 

IX defined as follows; an object of IX is a pair (x, a) with x an object 
of X and a G Aut(a;) and a morphism (x, a) {y,P) in IX is a 
morphism (p : x y in X with (pa = (3(j). 

It is known that IX is isomorphic to X Xa,a'xA',a '^1 where A : 

X X X X is the diagonal morphism. Then the forgetting morphism 
IX ^ X is isomorphic to the first projection X y<A,xxx,A X —>■ X . 
Since we have supposed that X is separated, the diagonal morphism is 
finite and unramified. Hence the forgetting morphism IX — A" is so 
as well. 

Definition 2.12. Let / be a positive integer prime to char (A;). We 
define PX C IX to be the open and closed substack of objects (x, a) 
such that the order of a is /. 
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Proposition 2.13. Assume that k contains all l-th roots of unity. 
Then for each choice of a primitive l-th root ( of unity, there is a 
natural isomorphism J^X = PX . 

Proof. The assertion follows from the fact that giving a representable 
morphism Vq x S ^ X is equivalent to giving an object x over S of 
X and an embedding /x^ ^ Aut(a;), which is equivalent to giving the 
image of C £ A*;- D 

The inertia stack is the algebraic counterpart of the twisted sector of 
an analytic orbifold, which was used to define the orbifold cohomology 
in |CRj . Since for k = C, there is a canonical choice exp{2'^'^/—l/l) of a 
primitive l-th root of unity, we have a natural isomorphism J'qX = IX. 

2.3. Morphism of stacks of twisted jets. As we saw above, for a 
representable morphism y ^ X oi DM stacks, we have a naturally 
induced morphism J'^y JnX. For a morphism X X from a DM 
stack to an algebraic variety, we can associate a morphism Jl^X JnX 
as follows: For a twisted jet g ^ X, consider the composition 
g ^ X ^ X. From the universality of the coarse moduli space, 
it uniquely factors as 5 Dn,s ^ X up to isomorphism of Dn,s- 
Putting the condition that "D^^ = [Dni^s/ ^^ik\ ~^ ^n,s is defined by 
1 1— t\ we obtain a unique jet on X. 

We generalize these to a general (not necessarily representable) mor- 
phism of DM stacks. 

Proposition 2.14. Let f : y X be a morphism of DM stacks. Then 
for < n < 00, we have a natural morphism fn '■ Jr!y —>■ JnX . 

Proof. We may assume n < 00. Let ^ ^ 3^ be an object over a 
scheme S of Jj^y. Then the composite g ^ y ^ X is not in general 
representable. Take the canonical decomposition ^ ^ S X as in 
the following lemma. If 5* is connected, £ must be isomorphic to "D^ 5 
for some divisor V of /. We choose the isomorphism £ = T)'^ g so that 
the morphism Vl^g £ = "D^ induces a morphism Dni,s Dni',s of 
atlases defined by t > t'/''. Thus we obtain a twisted jet "D^'^ X 
over X and a morphism J^y — > jTnA". □ 

Lemma 2.15 (Canonical factorization). Let f : W ^ V be a morphism 
of DM stacks. Then there are a DM stack W" and morphisms g : W ^ 
W and h:W such that 

(1) f = hog, 

(2) h is representable, and 



18 



TAKEHIKO YASUDA 



(3) (universality) Let g' : W ^ Z and h' : Z ^ V he morphisms 
of DM stacks. If h' is representable and if the diagram of solid 
arrows 

g' 

9 / h' 

is commutative, then there is a morphism i : W Z making 
the whole diagram commutative, which is unique up to unique 
2-isomorphism. 

Proof. Let M ^ V be an atlas. It induces a groupoid space M XyM =^ 
M. The stack associated to the groupoid space is canonically identified 
with V. Let Wm := W Xv M. Similarly we can obtain some structure 
Wm Xw =^ like a groupoid space, but each object is not 
a variety but a DM stack. Taking the coarse moduli space of the 
objects, we obtain a groupoid space Wm Xw ^ Wm- Note that 
the existence of the coarse moduli space was proved by Keel and Mori 
KMj . Let N Wm be an atlas. Then the composite N Wm ^ W 
is also an atlas. So we have another groupoid space N Xy^ N ^ N . 
Now there are naturally induced morphisms of the groupoid spaces 

(A^ Xw ^ A^) ^ {Wm ^wWm ^ W^i) ^ {M M ^ M), 

and the corresponding morphisms of DM stacks 

W ^ W ^ V 

where W' is the stack associated to Wm Xw Wm =^ Wm- They clearly 
satisfy Conditions 1 and 2. 

Suppose that there are morphisms g' : W Z and h' : Z —>■ V a.s in 
Condition 3. Taking the fiber products XyM, we obtain the following 
diagram of solid arrows 

Wm Zm 

/ 

W^ -M. 

Since h' is representable, Zm is isomorphic to an algebraic space. Now 
from the universality of the coarse moduli space, there is a morphism 
iM making the whole diagram commutative, which is unique up to 
unique 2-isomorphism. It implies the last condition. □ 

Because of the universality, the morphisms g and h are uniquely de- 
termined. We call it the canonical factorization of /. For each point 
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y E y and its image x E X, we have a homomorphism of the automor- 
phism groups (p : Aut(y) — > Aut(x). Then the canonical factorization 
corresponds to the factorization of 0, 

Aut(y) lm(0) "-^ Aut(a;). 

The canonical factorization is a generalization of the coarse moduli 
space. Indeed, in the lemma, if V is an algebraic space, then W' is the 
coarse moduh space of W. 

3. MOTIVIC INTEGRATION 

3.1. Convergent stacks. In this subsection, we construct the semir- 
ing in which integrals take values. 

Definition 3.1. A convergent stack is the pair {X,a) of a DM stack 
X and a function 

a : {connected component of X} — > Z 

such that 

(1) there are at most countably many connected components, 

(2) all connected components arc of finite type, and 

(3) for every m G Z, there are at most finitely many connected 
components V with dim V -|- ck{V) > m. 

We say that X is the underlying stack of {X, a). 

We abbreviate (A", a) as A", if it causes no confusion. A DM stack 
of finite type X is identified with the convergent stack [X, 0). 

A morphism f : {y, (3) — > {X, a) of convergent stacks is a morphism 
f : y X of the underlying stacks with f3 = a o f . A morphism 
of convergent stacks is called an isomorphism if it is an isomorphism 
of the underlying stacks. We say that convergent stacks X and y are 
isomorphic (write X y) if there is an isomorphism between them. 

If {X, a) is a convergent stack and X' is a locally closed substack 
of X, and if l : X' X is the inclusion map, then {X', a o i) is a 
convergent stack We call this a convergent substack of X. 

In the category of convergent stacks, we have the disjoint union and 
the product of two objects: Let {X, a) and (3^, /?) be convergent stacks. 
The disjoint union {X, a) U (3^, (3) of them is the convergent stack {X U 
3^,7) such that jIx = o. and = (3. The product {X,a) x {y,(3) is 
the convergent stack {X x y, 7) such that for a connected component 
VGXxy, 7(V) = a(pi(V)) + /3(P2(V)). 
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Definition 3.2. For a convergent stack X = {X,a), we define tlie 
dimension of X, denoted dim .Y, to be 

maxjdimV + q;(V)|V C X connected component}. 

By convention, we put dim0 = —oo. 

Definition 3.3. Let be tlie set of tlie isomorpliism classes of con- 
vergent stacks. For eacli n e Z, we define ~„ to be tfie strongest 
equivalence relation of IK' satisfying the following basic relations: 

(1) If X and y are convergent stacks with dim 3^ < n, then X ~„ 

xuy. 

(2) If A" C 3^ is a convergent closed substack, then y ~„ {y\X)L\X . 
(Here U is not the disjoint union in y.) 

(3) Let {y,l3) and {X,a) be convergent stacks and f : y ^ X a. 
representable morphism of underlying stacks. If every geomet- 
ric point y of y, f~^f{y) is isomorphic to an affine space of 
dimension a{f{y)) - (3{y), then {y,f3) ~„ {X,a). 

Namely X ~„ y if and only if X and y can be connected by finitely 
many basic relations above. We define an equivalence relation ~ of DV 
as follows: For a,b E 9^', a ~ 6 if and only if a & for all n G Z. 

For example, we have 

(Specfc,0) ~ (A^,-l) 

~(Ah{0},-l)U(A\-2) 

~II(A^\{0},-^). 

Definition 3.4. We define 9^ to be 9V modulo ~. For a convergent 
stack X, we denote by {A:"} the equivalence class of X. 

Lemma 3.5. Let X and y be convergent stacks. If X y , then 
dim A* = dim 3^. 

Proof. By definition, for all n, X and y are connected by finitely many 
basic relations in Definition 13.31 For n -C 0, these relations preserve 
the dimension. Hence dim A" = dim 3^. □ 

From the lemma, we have a map 

dim : ^ Z U {-oo}, {X] ^ dim A'. 

Lemma 3.6. Let Xi, X2, and 3^2 be convergent stacks. If Xi ~ X2 
and 3^1 ~ 3^2; then Xi U yi X2 U 3^2 (ind x 3^1 ~ ^"2 x 3^2- 
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Proof. The assertion U ~ ^2 U 3^2 is clear. 

If Xi '^2, then Xi and X2 are connected by the basic relations in 
Definition 13.31 Therefore Xi x y ~„+dimy X2 x y for any convergent 
stack y. This implies that if Xi ~ X2, then Xi x y X2 x y. This 
proves the second assertion. □ 

We define a commutative semiring structure on 9^ by {X} + {3^} := 
{X U 3^} and {X}{y} := {A' x 3^}. The element {0} is the unit 
of addition and the element {Spec A;} = {(Spec A;, 0)} is the unit of 
product. We denote the element {Aj,} = {(Specfc, 1)} by L. This is 
clearly invertible (L~^ = {(Specfc, —1)}). 

Let / be a countable set and let X^, i E I , he convergent stacks. If for 
every m G Z, there are at most finitely many i G / with dimA^ > m, 
then the disjoint union Yiiei '^i ^^^^ ^ convergent stack. In other 
words, if G IH, i G / and if there are finitely many i E I with 
dim Xi > m, then the infinite sum Yliei defined. Note that X] ie/ ^* 
is independent of the order of /. Moreover the following holds: If Ij C / 
are subsets with I = Ij, then we have 



Definition 3.7. We define := 9^ U {00}. 

This is still a semigroup by x + 00 = 00 for any x G 9^. Let I 
be a countable set and Xj G i G /. Either if there exists i E I 
with Xj = 00 or if for some m G Z, there exist infinitely many i with 
dimxj > m, then we define ■= Thus in the semigroup 

the sum of arbitrary countable collection of elements is defined. 

We can see the following basic properties of the map dim. 

Lemma 3.8. (1) For x,y eDI, dim(x x y) = dimx + dimy. 
(2) Let I he a countable set and Xi E 91, i E I . If J^iei^^ 7^ 
then dim^jgjXj = max{dimxj|i G /}. 

Remark 3.9. Originally, the motivic integration was defined in a ring 
deriving from the Grothendieck ring of varieties, in precise, a com- 
pletion of a localization of the Grothendieck ring (see |DLlj ). In the 
Grothendieck ring, there are negative elements, that is, there is the 
inverse of any class of varieties. This causes some problems. For exam- 
ple, the Grothendieck ring of varieties is not a domain |Pooj . However 
we do not really need negative elements to construct the integration 
theory. Thus it is natural to replace the Grothendieck ring with the 
Grothendieck semiring. 
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However we do not superficially use the Grothendieck semiring. In- 
stead, we consider a sufficiently large set (the set of the isomorphism 
classes of convergent stacks or spaces) and take its quotient by relations 
needed below. Advantages of this approach are that each element of the 
obtained semiring corresponds to a "geometric" object and that we do 
not have to use algebraic operations on semirings like the localization 
and the completion. 

3.2. Convergent spaces and coarse moduli spaces. A convergent 
space is defined to be a convergent stack {X, a) such that the underlying 
stack X is an algebraic space. 

Definition 3.10. Let & be the set of the isomorphism classes of con- 
vergent spaces. For each n G Z, we define ~„ to be the strongest 
equivalence relation of & satisfying the following basic relations: 

(1) If / : y — i> X is a morphism of convergent spaces which is finite, 
surjective and universally injective, then X ~„ Y. 

(2) If X and Y are convergent spaces with dim Y < n, then X ~„ 
XUY. 

(3) If X C F is a convergent closed subspace, then Y ~„ (Y\X) U 
X. 

(4) Let (Y, (3) and (X, a) be convergent spaces and f : Y ^ X 
a morphism of underlying algebraic spaces. If every geometric 
point y G Y{K), there is a finite, surjective and universally 
injective morphism 

for some finite group action G r\ A^y^^''^~'^^^\ then (Y, (3) ~„ 

We define an equivalence relation ^ of 9^' as follows: For a,b & 
a ~ 6 if and only if a ~„ b for all n G Z. 

A finite, surjective and universally injective morphism induces an 
equivalence of etale sites |SGAll IX. Theoreme 4.10] and an isomor- 
phism of etale cohomology. We will use this fact in the following sub- 
section. 

Definition 3.11. We define & to be ©' modulo ~. 

The set & has a semiring structure as £R does. 

For a DM stack X, we denote by A? its coarse moduli space. For a 
convergent stack X = {X,a), we can give a natural convergent space 
structure to the coarse moduli space X. We denote this convergent 
space also by X. 
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Proposition 3.12. There is a semiring homomorphism 

6, {X} ^ {X}. 

Proof. First, to show that there is a map of sets, we have to show that 
for each n, if X and y are in one of the basic relations in Definition 
HOI then X ~„ 3^. 

Concerning the first basic relation, this is clear. We next consider 
the second one. If A" C 3^ is a convergent closed substack and X C J* is 
a convergent closed subspace which is the image of 3^, then the natural 
morphism A? — > X is finite, surjective and universally injective. Thus 

y^^y\xuy. 

Let f : y X he a. morphism of DM stacks and g : Y ^ X the 
corresponding morphism of the coarse moduli spaces. Let x : Spec K 
X he a. geometric point and x : Spec K ^ X the corresponding point of 
the coarse moduli space. Suppose that f~^{x) = Aj^. Then there is a 
natural morphism Af^^/Aut(a;) g^^ix) which is finite, surjective and 
universally injective. This implies that if X and y is in the last basic 
relation in Definition 13.31 then X and y are in the last basic relation 
in Definition 13.101 

Thus we have a map 9^ ^ ©, {X} {X}. 

Next, to show that this map is a semiring homomorphism, we have 
to show that 

mm ■= {Xxy} = {xVy}. 

There is a natural morphism X x y ^ X xy. This is finite, surjective 
and universally injective. It follows that {X x y} = {X x y}. □ 

3.3. Cohomology realization. To control huge semirings 91 and (5, 
it is useful to consider homomorphisms from these semirings to smaller 
and easier ones. The cohomology theory helps to construct such ho- 
momorphisms. 

3.3. L The Grothendieck ring of an abelian category. Let C be an abelian 
category. Its Grothendieck ring Kq{C) is defined to be the free abelian 
group generated by isomorphism classes [M] of objects M of C modulo 
the following relation: If there is a short exact sequence 

^ Ml ^ M2 ^ M-i 0, 

then [M2] = [Ml] + [M3]. It is easy to see that given a sequence 
= Mq C Ml C ■ ■ ■ C M„ = M, then we have an equation 

n— 1 

[M]=5^[M,+i/M,]. 

i=0 
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Every object M of C has a Jordan-Holder sequence = Mq C Mi C 
■ ■ ■ C M„ = M, that is, all Mi^i/Mi are simple objects. Then the 
semisimplification M'^'^ is by definition the associated graded 0^ Mi+i/Mi 
of the sequence. It is a semisimple object and its isomorphism class de- 
pends only on M. We have [M] = [M**]. If Mi and M2 are semisimple 
and [Ml] = [M2] G Kol^), then Mi and M2 are isomorphic. If Mi and 
M2 are arbitrary objects and [Mi] = [M2] G Ko{C), then Mf = Mf . 

3.3.2. Mixed Hodge structures. Now we consider the case where C is 
the category of (rational) mixed Hodge structures, denoted MHS. 
Since every mixed Hodge structure has, by definition, a weight filtration 
whose associated graded is a pure Hodge structure, the Grothendieck 
ring Kq{MHS) is, in fact, generated by the classes of pure Hodge 
structures. For a variety X over C, we define 

Xh{X) := Y.{-ir[Hl{Xm e MMHS). 

i 

For a variety X and its closed subvariety V, since there is the localiza- 
tion sequence 

■ ■ ■ ^ HliX \ V) HliX) ^ HliV) ^ iff i(X \ ^ • • • , 

we have XhiX) = XhiX \ V) + XhiV). We denote [Q(-l)] = Xhi^l) 
by L. 

3.3.3. p-adic Galois representations. Suppose that is a finite field. 
Let p be a prime number different from the characteristic of k and 
Qp be the p-adic field. Then the compact-supported p-adic cohomol- 
ogy groups Hl{X ® k, Qp) are finite dimensional Qp-vector spaces with 
continuous actions of the absolute Galois group = Gal(k/k). 

Let V be an arbitrary Galois representation, that is, a finite dimen- 
sional Qp-vector space with continuous G^-action. We say that V is 
pure of weight z G Q if every eigenvalue a G Qp of the Frobenius action 
on V is algebraic and all complex conjugates of a have absolute value 
p-*/2_ gg^y ^j^g^^ ^ jg -jjiixed (of weight < in,^ io) there is a filtra- 
tion = W,,cWi,C---cWi„ = V, {i, G Q) such that WijWi^_, is 
pure of weight ij. (We admit rational weights for later use.) 

Let Mi?(Gfc,Qp) be the category of mixed Galois representations. 
This category is abelian. For a variety X, H^iX ®fc k, Qp) is mixed 
|Del2 j. Define 

Xp{X) := J2i-mK{X (E)k k, Qp)] G Ko{MR{Gk, Qp)). 
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Then this invariant have the same properties as Xh, namely, Xp{^) — 
Xp{X \ ^) + Xpi^) for a closed subvariety V G X, and Xp{^ x y) = 
Xp{X)XpiY). 

3.3.4. Completions of Grothendieck rings. Let FmKo{MHS) G Ko{MHS) 
be the subgroup generated by the elements [H] with H of weight 

< —2m. We define the completion 

Ko(MHS) -.^lim Ko(MHS)/F^Ko(MHS). 

Since F„,Ko{MHS) ■ F^Ko{MHS) C F^+nKo{MHS), ko{MHS) has 
a ring structure. 

Lemma 3.13. The natural map Kq{M H S) Kq{MHS) is injective. 

Proof. Let a = Ei«i[^i] e Ko{MHS). Then if we put := ^mlGi^Hi], 
we have that a = and that a = if and only if = for 

every w. Moreover a e F^ if and only if = for every w > —2m. 
Now we can see that FmKo{MHS) — {0} and the completion map 
is injective. □ 

Next we define a completion of KQ(MR{Gk,Qp)). For each integer 
m, we define FrnKo{MR{Gk,Qp)) C Ko{MR{Gk,Qp)) to be the sub- 
group generated by the elements [V] with V of weight < —2m. We 
define 

ko{MR{Gk, Qp)) := lim Ko{MR{Gk, Qp))/F^Ko{MR{Gk, Qp)). 

This is also a ring. The natural map Ko{MR{Gk, Qp)) ko{MR{Gk, Qp)) 
is also injective. 

3.3.5. Maps from 9^ and &. When A; = C, for a convergent space X — 
{X, a) , we define 

Xh{X) := J] X„(V^)L"(^) e ko{MHS). 

V(ZX 

Here the sum runs over all connected components V ol X. By def- 
inition, for every m G Z, there are at most finitely many V with 
dimV^ -|- a{y) > m. Since Xh{V) is of weight < 2dimV^, for ev- 
ery m e Z, there are at most finitely many V with XhiV)'^"'^^^ ^ 
F_mKo{MHS). Therefore Xh{X) is well-defined. 

When A; is a finite field, for a convergent space X, we similarly define 

Xp{X) := J2 e ko{MR{G,,Qp))- 

Vex 
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Proposition 3.14. When k = C, we have a semiring homomorphism 



6 ^ KoiMHS), {X} ^ Xh{X). 



When k is a finite field, we have a semiring homomorphism 



Proof. If the maps are well-defined, then these are obviously semiring 

homomorphisms. Now it suffices to show that for every n G Z, the basic 

relations in Definition IH. 101 preserves Xh{X) modulo F-nKo{MHS) or 

XpiX) modulo F.nMMRiGk, Qp)). Here F^nMMHS) and F_„Ko(M/2(Gfc, Q^)) 

are the completions of F_,,Kq{MHS) and F_„iro(Mi?(Gfc, Qp)). The 

second basic relation clearly does. 

The basic relations except for the second one, in fact, preserves 
Xh{X) and Xp{X) even in Kq^MHS) and i^o(Mi?(Gfc, Qp)). Only 
the fourth one is not trivial. This results from Lemma 13.151 and the 
fact that a finite, surjective and universally injective morphism is an 
homeomorphism both in analytic topology and in etale topology (for 
etale topology, see |SGAH IX. Theoreme 4.10]). □ 

Lemma 3.15. Suppose that k is either C or a finite field. Let f : Y ^ 
X be a morphism of varieties and d a positive integer. Suppose that 
for every geometric point x G X{K), the fiber f~^{x) has the same 
compact- supported cohomology as Aj^. Then we have 




E^^ = HiiX, R^fiQ) Hi+^{Y, Q) 



From Grothendieck's generic flatness, we may assume that / is fiat. 
Then from the assumption, we have 




and the spectral sequence degenerates. Hence we have an isomorphism 
Hi+2d^Y, Q) ^ W^{X, Q) ® Q(-rf), 



which implies the lemma. 



□ 
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Composing maps, we obtain semiring homomorphisms 

^ Ko{MHS), X ^ Xhi'^), and 

$n ^ ko{MR{Gk, Qp)), A" Xp{X). 

3.4. Cylinders and motivic measure. Let A' be a smooth DM stack 
X of finite type and pure dimension d. 

Definition 3.16. Let n G Z>o. A subset A C \J'oo'^\ is said to be 
an n- cylinder if A = Ti'^iTniA) and 7r„(y4) is a constructible subset. A 
subset A C I jToo'^l is said to be a cylinder if it is an n-cylinder for some 
n. 

The collection of cylinders is stable under finite unions and finite 
intersections. For a cylinder A and n G Z>o such that A is an n- 
cylinder, we define 

:= {7r„(A)}L-"'^ G 9^. 
This is independent of n, thanks to Lemma [3.181 

Remark 3.17. In some articles, (IxiA) is defined to be {7r„(y4)}L^('^+^)'^ 
instead of {7r„(A)}L~"''^. However the difference is just superficial. 

Lemma 3.18. Let X be a smooth DM stack of pure dimension d. Let 
P '■ Jn^\X — ^ JnX he the natural projection. Then for every geometric 
point z G {JnX){K) , the fiber p~^{z) is isomorphic to Aj^. 

Proof. We may assume that A* is a quotient stack [M/ G] . Then J^^X = 
\laeCon}'{G)l'^rd /^a\- Therefore it suffices to show that the fiber of 
the morphism J^^^^^^M j'^^ M over any geometric point is isomor- 
phic to an affine space of dimension d. Now we can take a completion 
of M at a i^-point w, M = Speci^[[xi, . . . ,Xd]]- Let a : fii ^ G he 
an embedding. By the natural morphism j'^i M — * M, the space 
{/^fM){K) is identified with the fiber of J^f M M over w. Assume 
that the /x^-action on M through a is diagonal and that C ^ sends 
Xi to (""'Xi with 1 < Oj < /. Then {jj^^ M){K) parameterizes the homo- 
morphisms . . . ,Xd]] K[[t]]/t^''^^ which send Xi to an element 
of the form 

cot"^ + cit^+''' + C2t^^+''* ■■■ + c„_it("-^)'+°% a G K. 

Therefore the fiber of j\^^^^iM J^f M over every geometric point is 
isomorphic to an affine space of dimension d. □ 

It is obvious that fix a finite additive measure: 
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Proposition 3.19. If A and Ai (i = 1, . . . ,n) are cylinders such that 
^ = Ui<i<n^i> then 

n 

1=1 

3.5. Integrals of measurable functions. 

Definition 3.20. Let A C \ JooX\ be a subset. A function F : A ^ y\ 
is said to be measurable if there are countably many cylinders Ai such 
that ^ = Uj and the restriction of F to each Ai is constant. 

We define the integral of a measurable function F : A —>■ as 
follows; 

Fdfxx ■.= J2F{Ai) ■ fixiAi) E^. 

Definition 3.21. Let A C \J'od'^\ be a cylinder. If n G Z>o is such 
that A is an n- cylinder, we define 

codimA := codim (7r„(y4), \ J'nX\). 

Lemma 3.22. The integral of a measurable function F is independent 
of the choice of Ai. 

Proof. Let Ai, Bi, i E N be cylinders such that F\Ai and Fls^ are 
constant for all i and A = Yiim^i ~ lligN-^*- assume that {Bi} 
is a refinement of {Ai}. The general case can be reduced to this case. 
Let Si := {j E N\Bj C Ai}, let rji, . . . ,rju be the generic points of the 
irreducible components of Ai and let E Si, 1 < v < u be such that 
7]^ E Bj^. Then we see that for j' E Si \ {ji, . . . , 

codimSj/ > codim (Aj \ \^ Bj^) > codimAj. 

1<V<U 

Repeating this argument, we see that for every m E Tj, there are at 
most finitely many j E Si such that codim Bj < m. It means that for 
every n e7L, there is a finite subset Si^n C Si such that for j E Si\ Si^n, 
dim fix (Bj) < n. For every n, we have 

f^x{Ai) ~„ fix{ n Bj) ~„ YfixiBj). 

Hence fix{Ai) = J2jeSi l^x{,Bj). This proves the lemma. (In fact. Si is 
a finite set. See Lo3 Lemma 2.3]) □ 

Below, we consider such functions as L™'^-^^. Here ordX^ is the order 
function associated to the ideal sheaf Xz of a closed substack Z d X 
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and takes values in Z>o outside \J'ooZ\ C \J'oo'^\ and the infinity on 
\JaoZ\. Thus a function L™'^-^^ is not defined on \ JoqZ\ (at least, as a 
9^- valued function). However, if Z ^ A", then this does not cause any 
problem, because \JaoZ\ is too small to affect integrals. 

Definition 3.23. A subset A C \ J'oo'^\ is said to be negligible if there 
are cylinders Aj, z G N such that A = • and limj^oo codimAj = oo. 

Proposition 3.24. Let Z d X he a locally closed suhstack of dimen- 
sion d' < d. Then a subset \ JooZ\ C iJTooA'l is negligible. 

Proof. We have 

\JooZ\ = Pi 7r^V„(| Joo^D- 

n>0 

From Lemma 15. 271 7i:^^Hn{\J'ooZ\) are cylinders, and from Lemma l5.29[ 

lim codim7r^"'^7r„(|j7oo2|) = oo. 

Hence \J'ooZ\ is negligible. □ 

Removing a negligible subset from the domain or adding one to the 
domain does not change the value of integrals: 

Proposition 3.25. Let F : A 'tR be a function and B C A a 
negligible subset. If F is measurable, then F\a\b is measurable and 

/ Fdfix = / Fd^x- 

J A J A\B 

Proof. Let Aj, i G N be cylinders such that ^ = Ui -^Ui 
constant for all i. Let -Bj, z G N be cylinders such that i? = P| . i?j and 
limj^oo codimi?j — > oo. We may assume that Bi = A and -Bj+i C Bi 
for all i. We put Ci := Bi\Bi^i. Then Ci are mutually disjoint cylinders 
such that Ujgpj Ci = A\B and hmj^oo codim Ci = oo. For i, j G N, we 
put Aij := Ai n Cj. These are cylinders with Yiij ^ij = A \ B. Since 
F\a-^ are constant for all i,j, F\a\b is measurable. 
We have 

i j 

Therefore, to prove the equation of the proposition, it suffices to show 
HxiAi) = J2j fJ^x{Aij). By definition, we have Ai \ Bj^+i = ]Jj<jo ^^r 
For every n G Z, if jo is sufficiently large, then 

lix{Ai) ~„ ^^x{Ai \ 5jo+i) = /iA'(]J^ Aij) ~„ y^^^xjAij). 

j<jo j 

Bence fj.x{Ai) = J2jfi'x{Aij). □ 
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By abuse of terminology, we say that F is a measurable function on 
a subset A even if F is a measurable function defined only on A \ B 
with B negligible, and write 



Fd^x = / Fd^x- 

A J A\B 

Remark 3.26. The definition of the measurable function in this paper 
differs from that in |DL2| Appendix]. 

3.5.1. Lemmas. 

Lemma 3.27. Let Z he a DM stack of finite type. Then there is a 
monotone increasing function (f) : Z>o Z>o such that (j){n) > n for 
all n and 

7rn{\JooZ\) = lm(|J'^(„)Z| ^ \ JnZ\). 

In particular, vr„(|j7oo^|) C \J'nZ\ is a constructible subset. 



In the case where ^ is a scheme, this was proved by Greenberg [(ilrej 
by using Newton-Hensel lemma (called Newton's lemma in [ Grej ) . We 
prove Lemma 13.271 by using the equivariant version of Newton-Hensel 
lemma f Lemma I3.28|) . 

Proof. The second assertion of the lemma follows from the first and 
Chevalley's theorem for stacks |LMB1 Theoreme 5.9.4]. 

We may assume that Z = [Z/ G] with Z = Spec R an affine scheme 
and G a finite group. Furthermore we may assume that k contains all 
l-th roots of unity for / prime to the characteristic of k such that there 
is an element g E G of order /. From Proposition 12. 8[ the first assertion 
of the lemma is equivalent to the following: 

For every a : fii ^ G and for every < n < oo, there is 
a monotone increasing function : Z>o Z>o such that for 
every n, (l){n) > n and 

We prove by the induction on dim Z. There exists a /^^-equivariant 
embedding of Z into A'^ = Speck[xi, . . . ,Xd\ on which /x^ acts diago- 
nally. Let / C . . . , a;^] be the defining ideal of Z. For some positive 
integer s, we have vT D / D (Vl)'^- Let Zy-ed and be the closed 
subschemes defined by vT and respectively. Then for every m, 

we have 

•Jrnl ^red 'J ml ^ ^ ml ^red ml ^ 

and 

T(a) 7, . — ji"-) Z — Z'^ 
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Hence it suffices to show for Zj-ed and Z^^^. If m' is such that m'l+1 > 

mis + s, then we have Im( J^^^Z^^^^ Jmi^'^) ^ <^m/^^red- Hence it 
suffices to show ir only for Z reduced. 

Then if clearly holds if Z is of dimension zero. 

We can also assume that Z is irreducible: Let Zi, . . . , Zg be the 
irreducible components of Z and letW:= Uj^j ZiDZj. Since dim < 
dimZ, by the inductive assumption, if holds for W. Every 7 G JooZ\ 
JooW lies in only one component Zi. Thus Assertion if for Z follows 
from for Zi, . . . , Zg. 

Suppose that Z is irreducible, reduced and of positive dimension. 
Let fi, . . . , fs G k[xi, . . . ,Xd]^' be //^-invariant polynomials defining Z 
and r := codim {Z, A'^) < s. Reordering suitably fi, . . . , fs, we have 
that Z is an irreducible component of V := V{fi, . . . , fr). Let 

J :^ det m 

y'^-^j / l<i<r, l<j<r 

Since k is perfect and Z is reduced, Z is generically smooth. Therefore, 
if necessary, reordering variables xi, . . . ,Xd, we may assume that the 
subscheme S := V{fi, fs, J) C Z is of dimension < dimZ: Let W 
be the intersection of Z and the closure ofV\Z and let X G Z be the 
scheme-theoretic union of W and S, which is of dimension < dim Z. By 
the inductive assumption, there exists a monotone increasing function 
ip such that 

Im(j(:)X ^ Jifx) = lm{jll^,X 4f X). 

Let D A; be a field extension. A K-point 7 of J^^A'^ corresponds 
to a /x^equivariant if [[t]] -algebra homomorphism 

j*:K[[t]][x,,...,Xd]^K[[t]]. 

Suppose that C G sends Xi to ("''■Xi, < < / — 1. Let 7 G 
{jt'^A^){K) be such that 7r„i(7) G \ J^fx and let n/ < e < 

(n + 1)Z be the unique integer such that e + J2l=i c^i = mod /. Since 
TTniil) ^ J^fS, we have 

7*(J) ^ mod (and mod 

From Lemma HOHl if iimiil) e J^^V with m/ + 1 > 2(e + ^[^^ Oi) + /, 
then there is 7' G J^^V such that vr„;(7') = 7r„;(7). Moreover 7rm«(7) 
must lie in J^^iZ and 7' in Z . Hence there exists a monotone 
increasing function r such that 

im(j(:)z - 4? z) \ 4?^ = im(jS).^ - 4f ^) \ 4f ^- 
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Wc show that holds for (f) := t o ip . Let v G Im( J^^^-j^Z Jni Z) 
be an arbitrary point. We have to show that v G lm{j!£^ Z — > J^"^ Z). 
This holds, either if v ^ J^fx or if t; G Im( J^'jJ^^^X ^ 4f X). If it is 
not the case, there exists w G lm{jj^lyZ J^(n)i^) \ ■^V'"")'"^ which 
maps to V. By the definition of r, we have w G Im(JTO''Z — >• jjp(^n)i^) 
and V G Im( J^^ Z ^ J^f Z) . □ 

Lemma 3.28 (Equivariant Newton-Hensel lemma). Let I be a positive 
integer prime to the characteristic of k. Suppose that k contains all 
l-th roots of unity. Suppose that Hi acts on k-algebras k[[t]][xi, . . . ,Xd] 
and k[[t]\ by 

Xi 1-^ C'Xi {ai e {0,1, ... ,1 - 1}) and 
Hi 3 C :t (t respectively. 

Let A be the set of Hi- equivariant k[[t]]- algebra homomorphisms 

k[[t]][x^,...,Xd]^k[[t]]. 

Let fi {i = 1,2, ... ,r < d) be elements in the invariant subring [xi, . 
and let 



Suppose that for a positive integer e such that e! := e + ^^=1% is 
divisible by I and for rj & A, we have 



Proof. Let 7 : A;[[t]][a;i, . . . , arj — >• k[[t]] be a A;[[t]]-algebra homomor- 
phism. Then 7 G A if and only if for every i, 7(2:1) G t"^' • k[[t^]]. 
Consider an A;((i))-automorphism 

a : k{{t))[xi, ...,Xd]^ k{{t))[xi, . . .,Xd], Xi ^ f^'Xi. 

If 7 : k{{t))[xi, . . . ,Xd\ —>■ k{{t)) is a /c((i))-algebra homomorphism 
which is the extension of 7 G A, then for every i, 7 o a{xi) lies in a 




ri{J) ^ mod +^) 

and for i = 1,2, . . . ,r , 



Then there is 6 & A such that for every i, 

e{fi) = and e{xi) = r]{xi) mod (r+'). 
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subring k[[t'-]] C k[[t]] and hence 7 o a(A;[[i(:']][xi, . . . ,Xd]) C k[[t^]]. We 
define a /c[[t']]-algebra homomorphism 

^'■.knxu...,x,]^k[[t^]] 

to be the restriction of 7 o a. Let A' be the set of A; [[t']] -algebra homo- 
morphisms . . . ,Xd] k[[t'-]]. Then the map 

A ^ A', 7 7' 

is bijective. 

The invariant ring A;[[t]][xi, . . . ,Xd]^' is generated as a fc[[t']]-algebra 
by the monomials t^Xi^ . . . x^ such that fe+X]f=i '^i^i = mod /. Since 

a-\t''x\'---x''/)=t''+^''^''^x'l'---x''/ G k[[t%x,,...,Xd], 
f[ := a~^{fi) lie in A;[[t']][xi, . . .,Xd]. Let 

J' := det ' 



'^•^j / l<i<r, l<j<r 

For any g G k{{t))[xi, . . . , Xd], by easy calculation, we can see 

OXi \ OXi 

Hence we have 

We can assume that {ri'{J')) = {f^'), or equivalently that {ri{J)) = (t^): 
For if ri'{J') = (f^) C we replace /i and f[ with t^~'^fi and 

We have 

Now from the (non-equivariant) Newton-Hensel lemma |Boul Chapitre 
III, §4, CoroUaire 3], there exists 9' G A' such that 

^'(/O = and e\xi) = r]'{xi) mod 

Let 6 be the element mapping to 6' by the bijection above A —>■ A'. 
Then 6{fi) = for every i. Moreover since 6{xi) = 6'[xi)t°-' and ri{xi) = 
ri'{xi)t"'', we have that for every i, 

e{xi) = 7]{x^) mod 

hence 

e{xi)=r]{xi) mod 

□ 

Lemma 3.29. Let Z he a DM stack of finite type and dimension d' . 
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(1) For every < n < oo, every fiber o/ vr^+i ( jToo^) — > T^n[,JooZ^ 
is of dimension < d' . 

(2) dim7r„(J'oo2) < d'{n + l). 

Proof. The second assertion is a direct consequence of the first. Now 
we may assume that k is algebraically closed and 2 is a quotient stack 
[Z/ G] . From Proposition I2.8( it suffices to show that for every embed- 
ding a : fii G, every closed fiber of a morphism 

(3.1) 7r(„+i)KJ(:)^)-^vr„,(j(:)Z) 

is of dimension < d'. Take a /j,;-equivariant embedding 

Z ^ A'^ = Spec . . . ,Xd\ 

where Hi acts on Z through a and on A'^ by 

fii 3 C : Xi C'Xi, < < / - 1. 

Let f = (/i, . . . , /r) be a system of polynomials in k[xi, . . . , Xd] which 
defines Z. Then [jj^^ Z){k) is identified with 

{(01, . . . , e ■ k[[t']] c k[[t]], f (01, ...Ad) = 0}. 

Let 7 G Jt^^Z correspond to (0i, . . . , 0^)- Then the fiber of p.ip over 
7rnz(7) is identified with 

5 := {(^1, . . . , V^rf)|f (. . . , 0, + . . . ) = 0, V^. e A;[[t^]]}. 

Here ip is the image of ip by k = A;[[t]]/t. This is contained in 

S' := {(^1, . . . , V^rf)|f (. . . , 0, + . . . ) = 0, V^. e A;[[t]]}. 

The equations f (. . . , 0j + t"-^^'"'^ipi^ . . . ) = define a closed subscheme 

r cSpecA:[[t]][[Vi,...,^J]. 

The generic fiber of the projection Y SpecA;[[t]] is isomorphic to 
Z ®kk{{t)). Then B' is contained in the intersection of the special fiber 
and the closure of the generic fiber. Hence dimi? < dim 5' < d' . □ 

3.6. Motivic integration over singular varieties. We review the 
motivic integration over singular varieties which was studied by Denef 
and Loeser jPLlj . They assumed that the base field is of characteristic 
zero. Their arguments however apply to an arbitrary perfect field, as 
verified by Sebag |Sebj in a more general situation. Although they con- 
sidered only schemes, we can simply generalize the theory to algebraic 
spaces. 

Comparing a DM stack and its coarse moduli space is an interesting 
problem. Even if the stack is smooth, the coarse moduli space is not 
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generally smooth. Therefore, we consider not only the motivic integra- 
tion over smooth DM stacks, but also that over singular varieties. 

Let X be a reduced variety of pure dimension d. If X is not smooth, 
then fibers of Jn+iX — > JnX are not generally isomorphic to A'^. From 
Greenberg's theorem |Grej . 7r„(JooX) is a constructible subset. Denef 
and Loeser proved that every fiber of Tin+i{JooX) 7r„(J„X) is of 
dimension < d |DLH Lemma 4.3]. 

For an ideal sheaf X C Ox and 7 e {JooX){K) with K a field, we 
define the order of X along 7 to be ordX(7) :=nif7~^X= (t") C 
By convention, we put ordX(7) := 00 if 7~^X = (0). Thus we have the 
order function associated to X, 



Let Jacx be the Jacobian ideal sheaf of X, that is, the ci-th Fitting 
ideal of Vtx/k- We define 

J^X := {vr„(7)|7 G JooX, ord Jacx(7) < n} C 7r„(JooX). 

This is a constructible subset of J„X. The fibers of 7r„+i(JooX) — » 
7r„(JooX) over J^X are isomorphic to a rf-dimensional affine space (see 
\Loo[ Lemma 9.1]). 

Definition 3.30. A subset A C JooX is called an n-cylinder if A = 
7T:^^nn{A) and vr„(A) is a constructible subset in J^X. A subset is 
called a cylinder if it is an n-cylinder for some n G Zi>o. For an n- 
cylinder A, we define codimA := {n + l)d — dim7r„(74). 

For an n-cylinder A, we define 



As in the case of smooth stacks, we say that a function F : JooX D 
A m is measurable if there are countably many cylinders Ai such 
that ^ = IJj^j and the restriction of F to each Ai is constant. For a 
measurable function F, we define 



Definition 3.31. A subset A C JooX is said to be a negligible if 
there are constructible subsets C„ C 7r„(JooX), nGN such that A = 
DneN HCn) ^ud lim„^oo dim C„ - dn = -00. 

When X is smooth, this definition coincides with that in the preced- 
ing subsection. For a subvariety Z C X of positive codimension, JooZ 
is a negligible subset of JooX. We indeed have 



ordX : JooX Z>o U {c>o}. 



fix{A) := {7r„(A)}L-"'^ G 91. 





36 



TAKEHIKO YASUDA 



where Zred C X is the reduced subscheme associated to Z. As Denef 
and Loeser proved, the constructible subset vr„(Joo^red) is of dimension 
< (n + 1) dim Z. 

Proposition 3.32. Let F : A ^ be a function and B C A a 
negligible subset. Then if F is measurable, then F\a\b is measurable 
and 



Fdfix = / Fdfix- 

A J A\B 

Proof. Let Ei := {7 G | JooX| |ord Jacx(7) = i}, i > ^ and let C„ C 
7r„(JooX) G N be constructible subsets such that B = fln^n^l^'n) 
and lim„^oo dim C„ — dn = —00. Replacing A and B with A (1 Ei 
and B fl Ei, we may assume that A,B C Ei for some i. Subsets 
C'^ := Tr~^{Cn) n Ei are cylinders and lim^^oo codimC^ = 00. Now 
we can prove the assertions by the same argument as in the proof of 
Proposition 13.251 □ 

Again, by abuse of terminology, we say that F is a measurable func- 
tion on A even if F is a measurable function defined only on A\B with 
B negligible. 

Let / : y — > X be a proper birational morphism of reduced varieties 
of pure dimension and let X' C X and F' C y be proper closed subsets 
such that f : Y\Y' = X\X'. Then from the valuative criterion for the 
properness, the map foo : Joo^ \ JooY' JooX \ JooX' is bijective. In 
other words, the map foo '■ JcxX — ^ JooX is bijective outside negligible 
subsets. The most fundamental theorem in the theory is the following 
transformation rule (the change of variables formula) which describes 
the relation of /ix and /xy. This was by Kontsevich |Konj . Denef and 
Loeser |DLlj . and Sebag 



Theorem 3.33. Let f : Y ^ X be a proper birational morphism of 
reduced varieties of pure dimension. Assume that Y is smooth. Let 
Jac/ C Oy be the Jacobian ideal of the morphism f , that is, the 0- 
th Fitting ideal of ^y/x- Let F : JooX D A be a measurable 

function. Then F is measurable if and only if {F o f^) ■ ]L,~ordjac/ 
measurable. If they are measurable, then we have 

Fdf^x= [ (Fo/„,).L— dJac,^^^_ 

Sketch of the proof. Let 7 G (JooX)(K). Suppose that 7 sends the 
generic point of Spec K\^\\ into the locus where f~^ is an isomorphism. 
The theorem is essentially a consequence of the facts that /oo is bijective 
outside negligible subsets and that for n 0, the fiber fn^Un^T^nin)) is 
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isomorphic to an affine space of dimension ordJac/(7). (We generalize 
this fact to the stack case in Lemma f3. 431 ) □ 

3.7. Tame proper birational morphisms and twisted arcs. In 

this subsection, we generahze to the stack case the fact that for a proper 
birational morphism / of varieties, foo is bijective outside negligible 
subsets. 

Definition 3.34. A morphism f : y ^ X of DM stacks is said to 
be tame if for every geometric point y of y, the kernel of Aut{y) 
Aut (/(?/)) is of order prime to the characteristic of k. 

The following are clear. 

Lemma 3.35. (1) Tame morphisms are stable under base change. 

(2) Every representable morphism is tame. 

(3) The composite of tame morphisms is tame. 

Definition 3.36. A morphism f : y X of DM stacks is said to be 
birational if there are open dense substacks 3^o C 3^ and Xq G X such 
that / induces an isomorphism yQ = Xq. 

For example, given an effective action of a finite group G on an irre- 
ducible variety M (that is, for 1 ^ g E G, ^ M), then the natural 
morphism from the quotient stack [M/ G] to the quotient variety M/ G 
is birational. More generally, the morphism from a DM stack X to its 
coarse moduli space is birational if X contains an open dense substack 
which is isomorphic to an algebraic space. 

Proposition 3.37. Let f : y X be a tame proper birational mor- 
phism of DM stacks. Let y' G y and X' G X be closed substacks such 
that f induces an isomorphism y \ y' = X \ X' . Then the map 

foo • |*-^^oo3^| \ |«-!^oo3^ I ^ |*-^^oo'^| \ \kJoo^ I 

is bijective. In particular, if y and X are either a smooth DM stack 
or a reduced variety of pure dimension, then f^o is bijective outside 
negligible subsets. 

Proof. A weak version of this lemma was proved in |YasH Lemma 3.17]. 
A similar argument works in this general case. 

Let K D be an algebraically closed field and 7' : ^ — > A" a 
twisted arc such that the generic point maps into X \ X'. Let S to be 
the irreducible component of K^^y which contains Spec K{{t)) x ;f 
y and T> the normalization of S. Then the natural morphism V —>■ 
y is representable. The stack T> is tame and formally smooth over 
K, and the natural morphism V ^ is proper and birational. 
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Hence T> must be isomorphic to T>\^ for some / which is prime to the 
characteristic of k and a multiple of /'. 

Choose the isomorphism V = "D^ ^ so that the morphism ^ = 

V T^'oo^K induces the morphism D^o^k ^ k of canonical atlases 
defined by t i— > t'/''. Thus we have obtained a twisted arc 7 : "D^ ^ — >■ 
3^. In fact, this is the unique twisted arc which maps to 7'. It follows 
from the universalities of the fiber product and the normalization. □ 

Remark 3.38. This proposition does not hold if we consider only non- 
twisted arcs Spec K\^t]] — > X . It is why we have to introduce the notion 
of twisted jets. 

3.8. Fractional Tate objects. We generalize the transformation rule 
to proper tame birational morphisms of DM stacks in ^3.101 Then the 
contribution of automorphisms of points appears in the formula. It is 
of the form L'' with q a rational number. Therefore we extend the ring 
in which integrals take values so that it contains fractional powers of 
L. 

We have another motivation to consider fractional powers of L. In 
the birational geometry, particularly in the minimal model program, we 
often treat a normal variety X with Q-Cartier canonical divisor (that 
is, X is Q-Gorenstein) or more generally a pair (X, D) of a normal 
variety and a Q-divisor such that Kx + -D is Q-Cartier. We can define 
invariants of X or (X, D), integrating a function of the form L'' with h 
a Q- valued function deriving from Kx or Kx + D- We deal with this 
subject in the context generalized to DM stacks in the final section. 

Replacing a Z-valued function a in Definition 13.11 with ^Z- valued 
function, we obtain a ^Z-convergent stack. We define the same equiv- 
alence relation ~ of the set (IH^/'')' of the isomorphism classes of ^Z- 
convergent stacks. Then we define to be (D^^/*")' modulo ~. This 
is also a semiring and endowed with a map 

dim : ^1'' ^ -Z U {-00}. 
r 

We denote {(Spec fc, 1/r)} by L^/^ Then we have (L^/'')^ = L. We 
can naturally consider 9^^/^'-valued measurable functions F : A ^ 9^^/*" 
and their integrals: 

jjdlix = ^F(A,)/i;t(A,) G := m'/' U {00}. 

We similarly define the ^Z-convergent space and the semiring (5^/'^ 
of equivalence classes of ^Z-convergent spaces. There is a semiring 
homomorphism DV'^'^ &^^^, {X} {X}. 
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We simply define a ^Z-indexed Hodge structure to be a finite dimen- 
sional Q-vector space H with a decomposition 

such that if^'^ = HP'I. Then a ^Z-indexed mixed Hodge structure is a 
finite dimensional Q-vector space H endowed with a ^Z-indexed weight 
filtration W, of H and a ^Z-indexed Hodge filtration F' of Hi^qC The 
associated graded ©^^i^ Gr|^if is a ^Z-indexed Hodge structure. We 

denote the category of ^Z-indexed mixed Hodge structures by MHS^/^ . 
For a E ^Z, the Tate-Hodge structure Q(a) is defined to be the one- 
dimensional iZ-indexed Hodge structure H such that H~'^~'^ is the 
only nonzero component of if ®qC. We denote [Q(a)] G Kq{MHS^/^) 
by L~". We define also the completion Ko{MHS^^^) similarly. When 
k = C, for a ^Z-convergent space X = (X, a), we define 

Xh{X) := 5^ X.(V^)L"(^^ e k,{MHS'/^). 

V(zx 

There are semiring homomorphisms 

KoiMHS'/^), {X} ^ Xh{X) 

Suppose that k is a finite field and p is a prime number different 
from the characteristic of k. If there exist V G MR{Gk, Qp) such that 
V^"^ = Qp{l), then we fix V and denote it by Qp(l/r). This is pure of 
weight — 2/r. For a positive integer a, we define Qp{a/r) := Qp(l/r)'^" 
and Qp(— a/r) to be its dual. We denote an element [Qp(— 1/r)] G 
Ko{MR{G„,Qp)) also by L^^ 

T. Ito |Ito2 j proved that if we replace k with its suitable finite ex- 
tension, then Qp(l/r) exists. He used this to give a new proof of the 
well-definedness of stringy Hodge numbers with p-adic integrals and 
the p-adic Hodge theory. 

When L"*^/^ exists, for a ^Z-convergent space X = (X,a), we define 

Xp(X) := J2 G ko{MR{Gk,Qp)). 

Vex 

Then we have semiring homomorphisms 

^ ko{MR{Gk,Qp)), {X}^XpiX) 
9^i/''^i^o(Mi?(Gfc,Qp)), {X}^Xh{X). 
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3.9. Shift number. Let X he a smooth DM stack of pure dimension 
d and x e ^(K) a geometric point. Then the automorphism group 
Aut(a;) hncarly acts on the tangent space T^X. Let a : fj,i ^ Aut(x) 
be an embedding. According to the /n^action, T^X decomposes into 
eigenspaces; 

I 

i=l 

Here Tj 3. is the eigenspace on which C E Hi acts by the muhiphcation 
of (\ We define 

1 ' 1 ' 

sht(a) d- j^'^ ■ dimTj,^ = y ^{l - i) ■ dimT^^^. 

i=l 1=1 

If a' is a conjugacy of a, then sht (a') = sht (a). Since the fiber of 
\JoX\ — > \X\ over x is identified with Uchar Conj(/Lt;, Aut(a;)), we 
define sht(p) := sht (a) if p e \JqX\ is the point corresponding to 
(x, a). Thus we have a map 

sht : \JqX\ Q. 

Furthermore, sht(p) depends only on the connected component V C 
J^qX in which p lies: Let / : 5* ^ V be a morphism with S a connected 
scheme such that p : Spec K ^ V factors as Spec K ^ S ^ V. Let 
f':S—>^V^Xhe the composite of / and the projection V ^ X. 
Then the pull-back {f')*TX of the tangent bundle has a /x^ ^^.-action 
naturally deriving from / and decomposes into eigenbudles, 

I 

{fyTX = ^T, 

i=l 

such that Tj a- above is a pull-back of Tj. Then 

1 ' 

sht(p) — d — - ^ i ■ rank Tj. 

It follows that sht(p) is constant on V. We define sht(V) := sht(p), 
P e |V|. 

sht 

We denote the composite map \ J'oo'^\ \ J'q^\ — ^ Q by Sx- For 
a (possibly singular) variety X, we denote by Sx the constant zero 
function over | JooX|. These definitions coincide for smooth varieties. 
In both cases, the function 

is clearly measurable. 



MOTIVIC INTEGRATION OVER DELIGNE-MUMFORD STACKS 



41 



3.10. Transformation rule. In this subsection, we prove the trans- 
formation rule generalized to tame proper birational morphisms. 

Definition 3.39. Let X he a DM stack and X C Ox an ideal sheaf. 
Let Z C X he the closed substack defined by X. We define a function 

ordX : iJoo^l \ \JooZ\ Q 

as follows: Let 7 G \J'ooX\ and ■jk '■ l^io k ~^ ^ representative. 
Let 7^ : Dao,K ?i he the composite of and the canonical atlas 
Doo^K ^ V'^^K- Suppose that (7^)''X = (t™) C Then 

Tfi 

ordX(7) := - e Q. 

Let be a smooth DM stack and X C an ideal sheaf such that 
the support of Ox /I is of positive codimension. Let r G N be such 
that Im(ordX) C ^Z. Then the function 

is measurable (defined outside a negligible subset \JaoZ\). 

Definition 3.40. Let j : y ^ X he a. birational morphism of DM 
stacks. We define its Jacobian ideal sheaf Ja.Cf C Ox to be the 0-th 
Fitting ideal sheaf of ^y/x- 

Theorem 3.41 (Transformation rule). Let y and X be DM stacks 
of finite type and pure dimension d and f : y X a tame proper 
birational morphism. Suppose that y is smooth and X is either a 
smooth DM stack or a reduced variety. Let A C \Joo'^\ be a subset 
and F : A a function (at least, defined outside a negligible 

subset). 

(1) The function F is measurable if and only if Fof^ is measurable. 

(2) Suppose that F is measurable and that the function L^^'Ia takes 
values in 9^^/*" . Then 

I Fh'^dfxx= I (Fo/^)L-°'^<iJ"^/+^^rf/iy em"''. 

Proof, n Let X' G X he the closed substack over which / is not an 
isomorphism. Let Ai C \J'ooX\ \ \ J'acX'\, z G N be subsets such that 
UigN^j = ^ \ \J'oo^'\ and F is constant over each Ai. Let Bi : = 
f^^{Ai). From Lemma 13.441 Ai is a cylinder if and only if Bi is a 
cylinder. Thus F is measurable if and only if F o f^ is measurable. 
121 Let Ai and Bi he as above. If necessary, taking a refinement of 
we may assume that Sx is constant on every Ai and that Sy and 
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ordJac/ are constant on every Bi. Then from Lemma f<144[ we have 



Hence 



□ 



3.10.1. Key lemmas. Let A* be a DM stack of pure dimension d. We 
define the Jacobian ideal sheaf Jac;t' to be the ci-th Fitting ideal of 
If X is smooth, then Jac^t" = Ox- If is reduced, then since k 
is perfect, X is generically smooth. It follows that VLx/k is generically 
free of rank d and the support of Ox/^clcx is of positive codimension. 

Let X G X{K). Since for every < < cxd, the natural morphism 
JnX — i> A" is representable and affine, the fiber {JnX)x '■= JnX 'Xx,x 
Spec K is an affine scheme. 

The following lemmas are generalizations of |DL2| Lemmas 1.17 and 
3.5]. In proving these, we adopt ring-theoretic arguments as in |Looj . 



Lemma 3.42. Let f : y —>■ X be as in Theorem Let Pq, Pi 



Doo,K y be (non- twisted) arcs over a K -point y G y{K), that 
is, 'po,f3i e {Jocy)y{K) = {J^y)y{K). Assume that iTnf ooiPo) = 
T^nfooiPi) for some n G Z>o, and 

e := ord Jac/(/5i) < n, 

b := ord JacA'l /00(A)) < ^■ 

Then Tln-eiPo) = T^n-eiPl) ^ ( J„,-e3^)y (if) . 

Proof. Let x := f{y)- From the assumption, the homomorphisms 

(//3o)*, ifPiT : Ox,x ^ Km 

are identical modulo m""'"^. Here Ox,x denotes the complete local ring 
at X and m := (t) is the maximal ideal. Hence the homomorphisms 
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{fPo)* and (//3i)* give the same Ox,x-^odule structure to the 
modulem"+7m2("+i). The map 

is a A;-derivation, which induces a -module homomorphism 

This annihilates the torsion part of {fPi)*^x/k' Since the d-th Fitting 
ideal of {ff3i)*^x/k is (t^), the torsion part of {fPi)*^x/k is of length 
b. Hence the image of the torsion part in m'^"'"^/m^*-"'"'"^^ is contained in 
^^2(n+i)-fc^^2(n+i)_ gin^g n > 6, wc havc 

2{n+l) - b> n + 2. 

Thus nx2("+i)-7m2("+i) is killed by tn^+Vm^^^+i) ^ m"+7m"+2. 
Consider an exact sequence of -modules 

Since is of length e, //3o) lifts to a homomorphism 

which derives from 

iPiY - i(32r : Oy,y ^ m"-^+7m'^+2 
for some ^2 G (<^oo3^)y(-^)- Then 

Pi = (32 mod m"""+\ and 
fPo = fP2 modm'^+2. 
Applying the argument above to /3o and P2, we obtain /^s such that 

^2 = ^3 modm"-"+' 
(hence /3i = /S^ mod m""^"^^), and 
fPo = fP3 modm"+^ 
Repeating this, we obtain a sequence /Sj, i G N such that 

/3i = A mod m^-^+\ and 
//?o = /A modm"+\ 
If we put Poo to be the limit of this sequence, we have 

Pi = Poo modm"-^+^ and 

fPo = fPoo. 
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Since / is birational and separated, from the valuative criterion |LMB| 
Proposition 7.8], Pq and Poo are actually the same. It follows that 

7r„_e(/?o) = vr„_e(/5i). □ 

Lemma 3.43. Let f : y X be as in Theorem \TJJ[ Let K D k be 

an algebraically closed field, y G y{K) and P G {J^^)y{K) . Suppose 
that ord Jac/(7) = e < oo, si := 5y{P), S2 '■= SxifooP)- Assume that 
m := n — \e~\ > e and oidJacx^P) < n. Then fn^fnT^niP) — A^'^^'*'^^. 

Proof. Let P' : -Doo.a' 3^ be the composite of P and the canonical 
atlas Dao,K '^^ooK- Let m := n — \e~\ and let Pi G {Jl^y)y{K) be a 
twisted arc with T^miP) = T^miPi)- Then as in Lemma f3.42[ we obtain 
a /X;-equivariant derivation 

iP'y -{p[y : Oy^y m"^'+Vm"'+^ 

and an associated /x^-equivariant homomorphism 

6{Pi) : iPT^y/k ^ m'"'+Vm"'+' 

Let P2 G J^^y be another twisted arc with iTmiP) = TTm{P2)- Then 
S{Pi) = S{P2) if and only if 7r„(/3i) = 7r„(/32). Therefore if tt^ denotes 
the natural morphism J'ny — ^ Jin'y, then we can regard {7i^)~^ {7im{P)) 
as a subset of Hom^'jj^jj((/3')*fiy/fc, m'"'+Vm"'+^). Here Hom^'[[^jj(, ) 
is the set of /ii;-equivariant iir[[t]]-homomorphisms. In fact, the di- 
mensions of «)-'(7r„(/3)) and Hom^'j[,]]((/3')*f^y/fc, m™'+Vm"'+i) are 
equal, and we can identify the two spaces. 

Let X := f{y) and F C Aut{y) the largest subgroup acting on Oy^y 
trivially. Then since / is birational, the natural map F > Aut{y) — > 
Aut(x) is injective. Let b : Hi ^ Aut{y) and a : /x^/ ^ Aut(a;) 
be embeddings deriving from P and foo{P) respectively. We have the 
following commutative diagram: 

CGM^^^Aut(y) 



C'/''G/x,^Aut(a;). 

Let 3^' C 3^ be the closed substack where / is not an isomorphism. 
From the assumption that m > e, {Trl^)~^'iTm{P) H {J^ny')y = 0- Hence 
the automorphism groups of any geometric point of {'^m)^^'^m{P) is 
the centralizer of b in F. It follows that the morphism J7„3^ J^n'^ 
is representable around (7r^)~^7rm(/9)- We can regard fn^fn'^niP) as a 
subspace of (7r^)~Vm(/3) = A^"'"^'^. 
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Consider the natural homomorphism 
(3.2) 

Homomorphisms 6{/3i) and 5(/32) maps to the same element by this 
homomorphism if and only if /„7r„(/5i) = /„7r„(/32). Hence f'^fnT^niP) 
is isomorphic to the kernel of ()3.2|) . 

Choose an isomorphism Oy^y = K[[yi, . . . , yd]] such that by the in- 
duced ^i^-action on K[[yi, . . . , ya]], C ^ A*; sends yi to C^'yi, 1 < bi < I. 
Then 

We have an isomorphism = 0i We define a isr[[t']]- 

homomorphism 

i;:^K[[t']]dy,^{Pr^y/,, 

i 

by ip{dyi) := t^~^^dyi. The image of this monomorphism is the submod- 
ule of the ^^-invariant elements. Let n := (t') be the maximal ideal of 
-ft'[[t']]. Then the map deriving from ■?/', 

i 

is bijective. 

If A* is smooth, we choose an isomorphism Ox,x — K[[xi, . . . ,Xd]] 
such that by the induced /X;/-action on . . . , Xd]], C £ A*z' sends 

to C°'^Xi, 1 < ai < I' . Then we have 

S2 = ^ ^(/' - = y ~ ^^^/^')- 

We have an isomorphism {fP')*Qx/k = ®iK[[t]]dxi. We define a 
[ [t ' ] ] -homomorphism 

0:0ir[[t'Px,^(//3'rfi;,/,, 

i 

by (f){dxi) := Next, suppose that is a variety. Then 

{fl3')*VLx/k = (0ti is:[[t]]c/xi) © (tors) with rfx^ symbols, where (tors) 
denotes the torsion part. We define a /^[[t']] -homomorphism 

d 

: 0ir[[t']]rfx, ^ (0ir[[t]]rfx,) © (tors) ^ {fl^'T^x/k, 

i i=l 
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by dxi 1-^ dxi. In both cases, the image of is contained in the submod- 
ule of the /x^-invariant elements. Here /x^ acts on {fl3')*Qx/k through 
Hi Hi,. Since the natural homomorphism {f [3')*VLx/k {P')*^y/k 
is ^i;-equivariant, the image of the composite map 

i 

is contained in the submodule of /x^-invariant elements and the map 
lifts to 

r:^K[[t%dx,^@K[[t']]dy,. 

i i 

Consider the homomorphism induced by r, 

Hom(0A:[[t']]%,n'"+Vn"+') ^ Hom(0 A;[[t']](ix„ n'"+Vn"+'). 

i i 

Its kernel is isomorphic to the kernel of ()H.2|1 and to 

Hom(Coker r, n™+Vt^"^')- 

Hence we have 

dim/^Vn7r„(/9) 

= dim Hom(Coker r, n'"+Vi^"^^) 
= dim Coker r 

= j((dim(/3')*l^y/Ar) - - h) + Y.{1 - ad/l')) 

i i 

= e - Si + S2. 

Thus we have proved Lemma [3.431 □ 

Lemma 3.44. Let B C Jooy be a subset. Suppose that ord Jac/I^ = 
e < oo, Sy\B = si and Sx\f^{B) = ■52- Then B is a cylinder if and only 
if fao{B) is so. If B is a cylinder, then we have 

Proof. From Proposition 13.371 the assumption that ordJac/l^ < oo 
means that the map B — > foo{B) is bijective. Since we have assumed 
that y is smooth, / is not an isomorphism all over the singular locus 
A'sing of X. Hence /oo(-B) lies outside | jToo'^singl- In particular, ord Jac;t' 
takes finite values on foo{B). Either if S is a cylinder or if foo{B) is 
cylinder, then ord Jac;t'|/oc(B) is bounded from above: In the case where 
S is a cylinder, consider (ord Jac;t') ° /oo = ord /~^(Jac;t•)• 
If foo{B) is an n-cylinder for n ^ 0, then for any point q G 7t„{B), 

n~\q) C 7r-V-Vn(g) C f^WUq) C /"VoolS) = B. 



MOTIVIC INTEGRATION OVER DELIGNE-MUMFORD STACKS 47 

Since fn^B is a constructible subset, it is an n-cylinder. 

Next, assume that B is an (n — [e] )-cylinder and that n is large 
enough to satisfy the condition in Lemma f3 .421 From Lemma f3 .421 for 
a point p G fni^niB), vr„_|-e-|/^^7r~-^(p) is one point. Therefore we have 

f^'n-\p) C B 

and 

Prom Chevalley's theorem |LMBt Theoreme 5.9.4], fn7fn{B) is a con- 
structible subset and hence foo{B) is an n-cylinder. 
If B is cylinder, from Lemma f3.43| we have 

^^y{B) = fi;,{U{BW-'^+^\ 

□ 

4. BiRATIONAL GEOMETRY OF DELIGNE-MUMFORD STACKS 

In this section, DM stacks are supposed to be reduced and of finite 
type. 

4.1. Divisors and invariants of pairs. Let A" be a DM stack. A 
prime divisor on X is just a reduced closed substack of X of codimen- 
sion one. A divisor (resp. Q-divisor) is a linear combination of prime 
divisors with integer (resp. rational) coefficients. A divisor is said to 
be Cartier if the corresponding divisor on an atlas of A" is a Cartier di- 
visor. A divisor D or a Q-divisor is said to be Q-Cartier if there exists 
a positive integer m such that mD is Cartier. If X is smooth, a divi- 
sor (resp. Q-divisor) is always Cartier (resp. Q-Cartier). For a Cartier 
divisor D, we can define an invertible sheaf Ox{D) as follows: For an 
etale morphism U X with U scheme, we put Ox{D)u := Ou{Du). 
Here Du is the pull-back of D to U. The pull-back of a Cartier or 
Q-Cartier divisor by a morphism is defined in a obvious way. 

Now suppose that X is smooth of pure dimension d. We associate 
to each Q-divisor D on X a. measurable function 3d : iJ^ooA"] — > Q as 
follows: If D is a prime divisor and if To is the defining ideal sheaf of 
D, then we define 

Jn := ordX/). 

For a general D, if we write D = Y^UiDi with Di prime divisor and 
Ui & Q \ {0}, then we define 



3d := y ^UjJp^. 

i 
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This function is defined outside a negligible subset |j7oo(IJ Di)\. For Q- 
divisors D and E, we have 3d+e — '3d + '3e at least outside a negligible 
subset. 

Definition 4.1. Let A" be a smooth DM stack, D a Q-divisor of X 
and 1^ C I A" I a constructible subset. Then we define an invariant 

A-i(w) 

Here tt : \J'ooX\ — > \X\ is the natural projection. 

The invariant lies in ^^^^ for a suitable r. Below, we will take a 
suitable r each time and not mention it hereinafter. 

For a smooth DM stack X, the canonical sheaf ux is defined to be 
the sheaf /\^Vtx/k of differential rf-forms. This is an invertible sheaf. 
If / : 3^ ^ A* is a proper birational morphism of smooth DM stacks, 
then there is a natural monomorphism f*u}x ^y- There exists an 
effective divisor Kyjx on y with support in the exceptional locus such 
that ojy = f*ujx ® ^y{Ky/x)- We call Ky/x the relative canonical 
divisor. The defining ideal of Ky/x is nothing but the Jacobian ideal 
Jac/ of /. 

There exists also a canonical divisor Kx, that is, a divisor such that 
Ox{Kx) — cux- Let X be the coarse moduli space of X endowed with 
a morphism f : X ^ X, Xq C X the smooth locus and Xq G X the 
inverse image of Xq. Since X is normal, X \ Xq is of co dimension > 2. 
Let Kxo be a canonical divisor of Xq. Then if we put Kxq ■= f*Kxo + 
Kxo/Xo-i then Kxq is a canonical divisor of Xq. The unique extension 
of Kxa to the whole X is a, canonical divisor of X . Thus a canonical 
divisor exists. For a morphism of smooth DM stacks / : ^ ^ A", we 
have a equation 

Ky = rXx + Ky,x. 

If X is not smooth but only normal and Xq G X he the smooth 
locus, then a canonical divisor Kx of X is defined to be a divisor such 
that Kx\xo is a canonical divisor of Xq. 

Theorem 4.2. Let 



y 




X X' 

he a diagram consisting of smooth DM stacks of pure dimension and 
tame proper birational morphisms. Let D and D' be Q-divisors on X 
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and X' respectively and let W and W he constructible subsets of \X\ 
and respectively. Then if f~^iW) = {f')~^iW') and 

f*D-Ky/^=ifrD'-Ky/;,,, 

then 

Proof. Since 

foo- ord Jac/ = 3d' ° fL - ord Jac//, 
the assertion follows from Theorem 13.411 □ 

Corollary 4.3. With the notation of Theorem \4.^ if Kyjx = Kyjx' 
and f-\W) = {f')-\W'), then we have 

VcJoX V'CJoX' 

Here the sums run over the connected components and \V\w denotes 
the inverse image ofW in \V\. 

Proof. It follows from the fact that 

□ 

4.2. Homological McKay correspondence and discrepancies. 

Suppose A; = C. Let X be a Q-Gorenstein variety, that is, a nor- 
mal variety with Q-Cartier canonical divisor Kx- Let / : F — >■ X be 
a resolution of X, that is, Y is smooth and / is proper and birational. 
Then we can attach a rational number a{E,X) to each exceptional 
divisor E such that we have a numerical equivalence 

KY = f*Kx+ Yl <E,X)E. 

i?:exceptional 

We call a{E,X) the discrepancy of E with respect to X. If a{E,X) is 
zero for every E G Y, then Y is said to be a crepant resolution of X. 
The discrepancy of X, denoted discrep(X), is defined as follows: 

discrep(X) := mf{a{E, X)\Y ^ X,E cY exceptional}. 

Here Y X runs over all resolutions of X. It is well-known that 
either discrep(X) = — oo or discrep(X) > —1. If discrep(X) > — 1, 
then discrep(X) is equal to the minimum of a{E,X) for exceptional 
divisors i^^ on a single resolution such that the exceptional locus is 
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simple normal crossing. The discrepancy is an important invariant of 
singularities in the minimal model program. 

Consider a finite subgroup G of GLd{C) and the quotient variety 
X := C^/G. Then X is Q-Gorenstein and has log terminal singular- 
ities, that is, discrep(X) > —1. Moreover if G C S'Lrf(C), then X is 
Gorenstein and has canonical singularities, that is, discrep(X) > 0. Let 
g ^ G he an element of order / and let (i = exp{2n\^—l/l). Choosing 
suitable basis of C^, we write 



If g E SLrf(C), then ageing) is an integer. Now we can deduce, from 
Corollarv 14.31 the homological McKay correspondence. It was proved 
by Y. Ito and Reid |IRj for dimension 3 and by Batyrev jBat| for 
arbitrary dimension. See |Rei2j for a nice survey of this subject. 

Corollary 4.4 (Homological McKay correspondence). Suppose that 
G C SLrf(C) and there exists a crepant resolution Y —>■ X . For an even 
number i > 0, let rii := G Conj(G)|age((7) = i/2}. Then 



Proof. Let X := [C^/G]. Then the natural morphism X X is a 
proper birational morphism. Furthermore, since G C SL^(C), X and 
X are isomorphic in codimension one. In particular, Kx is the pull- 
back of Kx. (Hence X is a. crepant resolution in a generalized sense.) 

There exists a smooth DM stack y and proper birational morphisms 
f : y ^ X and f : y ^ Y: For example, we can take a resolution 
of the irreducible component of Y Xx X dominating Y and X. For 
resolutions of DM stacks, see Subsection 14.51 Then we have Ky/x = 
Ky/y. For < flj < / — 1, if we put 





i=l 




{i : odd). 



I : 



even 




I (a, = 0) 
ai {ai ^ 0) 



then 




d - tl{z|ai 



0}-y5^a.. 



MOTIVIC INTEGRATION OVER DELIGNE-MUMFORD STACKS 51 
From Corollary \4M\ 

{Y} = J2 {VW^'^^^ = Yl {[iCy/Cg]}h'^-'^''^^^''^'-''^''^'^\ 

VCIX gGConj(G) 

Sending these elements to Kq{MHS), we have 

Xh{Y)= Yl L'^^'^'^^). 

gGConj(G) 

Since Kq{MHS) — > Kq[MHS) is injective, the equation holds also 
in Ko{MHS). Batyrev jHat] proved that Hi{Y,Q) has pure Hodge 
structure of weight i. Let mj := {g G Conj(G')| — d + a.ge{g) = 
Looking at the weight i part, we have 




{i : odd) 
(i : even) 



Here we have used the semisimplicity of polarizable pure Hodge struc- 
ture. The corollary follows from the Poincare duality. □ 

Next, for general G C GLfi{G) without reflection, we deduce an 
expression of the discrepancy of X = C^/ G in terms of ages oi g E G. 

Corollary 4.5. Suppose that G contains no reflection. We have an 
equation 

discrep(X) = min{age(5f) |1 7^ G G} — 1. 

Proof. Let X := [C^/G]. and ^ C jA:"! the locus of points with nontriv- 
ial automorphism group. We take a resolution f : Y ^ X which is an 
isomorphism over the smooth locus of X. Suppose that the exceptional 
locus W G Y is simple normal crossing. From Corollarv 14.31 as in the 
proof of Corollary 14.41 we have 

Ew{Y,-Ky/x) = ^v{X,0). 

The left hand side can be computed explicitly as follows. Write 
Ky/x = Y.i(zieiEi. Note that d > -1. For s = {si)i(zj e (Z>o)^, 
let Is := {i G I\si > 0}. For any subset J G I, we define Ej := 
riiGJ \ UiG/\j ^i- Then we have 



(See |Crat The proof of Theorem 2.15]. Note that our definition of the 
motivic measure differs from that of jCraj by the multiplication of L*^. 
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See also Remark 111 171 ) Hence 

o^se(z>o)^ 

Therefore the dimension of the right hand side is equal to 
dim(^{E^°,j}L--i(L-l)) 

= d — 1 + ma.x{—ei\i G /} 
= d — 1 — discrep(X). 

On the other hand, the dimension of Sy( A", 0) is equal to d— min{age(5')|l ^ 
g G G}. This proves the assertion. □ 

4.3. Orbifold cohomology. Chen and Ruan |("Rj constructed a new 
kind of cohomology, called the orbifold cohomology, for topological orb- 
ifolds. We define the orbifold cohomology for DM stacks, the algebraic 
counterpart of the topological orbifold. 

Definition 4.6. (1) Let A" be a smooth DM stack over C. We 
define the orbifold cohomology of X as follows: For each i G Q, 

HUX,Q):= /f''-2^^*(^)(V,Q)®Q(-sht(V)). 

VcJoX 

Here by convention, we put H'^{X, Q) = for a variety X and 
i ^ Z. 

(2) Let X he a. smooth DM stack over a finite field k. Let r be 
the least common multiple of sht(V), V C J^oX. Suppose that 
Qp(l/r) exists. (This holds after replacing k with its finite 
extension.) We define the p-adic orbifold cohomology of X ^k 
as follows: For each i G Q, 

H^X ® k, Qp) := /f-2.ht(v)^-p ^ ^ Qp(-sht(V)). 

VcJoX 

Lemma 4.7. Let X be a proper smooth DM stack over a perfect field 
k. 

(1) If k = C, then H^^i^^X, Q) is a pure Hodge structure of weight 
i. 

(2) If k is a finite field and if for r E N as above, Qp(l/r) exists, 
then Hl,^fj{X ® k, Qp) is pure of weight i. 

Proof. 1. Each connected component V of J^qX is a proper smooth 
DM stack. Then the coarse moduli space V is a proper variety with 
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quotient singularities. Therefore H^iV, Q) is a pure Hodge structure of 
weight i and i7*^j(A',Q) is also so. 

2. We claim that the constant sheaf Qp on V ® A; is pure of weight 
zero. Since the purity of sheaves is a local property, we may assume 
V = M/ G for some smooth variety M and a finite group G acting on 
M. Then since q : M ^ M/G is finite, g*Qp is pure of weight zero 
|Del2j and Qp = (g*Qp)'^ is also so. 

Since V is proper, WiV ® k, Qp) is pure of weight i and Hl^^{X ® 
k, Qp) is also so. □ 

The following corollary was conjectured by Ruan |Ruaj . A weak 
version was proved by Lupercio and Poddar |LPj and the author |Yaslj 
independently. 

Corollary 4.8. Let X and X' he proper smooth DM stacks over k = C 
Assume that there exist a smooth DM stack y and proper birational 
morphisms f : y X and f : y ^ X such that Ky/x = Ky/x'- 
Then we have an isomorphism of Hodge structures 

(We do not assert that there exists a natural isomorphism.) 

Proof. From Corollarv 14.31 we have 

(4.1) X.(V)L^'^*(^^ = E X.(V')L^'*^^'^- 

VcJoX V'CJoX' 

Define 

Kbi^, Q) := W-'^'^'^''\V, Q) ® Q(-sht(V)), 

VcJoX 
j— 2sht(V):even 

and H°!^^'\X , Q) similarly. Then 

hux, q) = H::ax, q) © h°j^'\x, q). 

Looking at the weight i part of ()4.H) . we have 

Since the two terms of each hand side do not cancel out, we have 
[K^'^m = K.Tl'^'^Q)] and [H:f\X,Q)] = Kt'^(A^',Q)]. Hence 

We claim that for an arbitrary proper smooth DM stack X over C, 
Hlj.fj{X,Q) is semisimple. A polarization of H^~^^^^^\V,Q) induces 
a non-degenerate bilinear form Qy on ( V, Q) Q(— sht(V)) 

for which the ^Z-indexed Hodge decomposition of (if*^'^^*(^^(V, Q) ® 
Q(— sht(V))) is orthogonal. We define a bilinear form Qx on Q) 



54 



TAKEHIKO YASUDA 



to be the direct sum of Qv- Then Qa- is non-degenerate and the Hodge 
decomposition of Hlj,ij{X,Q) is orthogonal for this. We can see that 
Hl^f^{X, Q) is semisimple hke the usual polarizable Hodge structure. 
Now the equation above, [Hi.f^{X,Q)] = [Hi^^{X' ,Q)], implies that 



Corollary 4.9. Assume that k is a finite field. Let X and X' he 

proper smooth DM stacks whose p-adic orbifold cohomology groups can 
be defined. Assume that there exist a smooth DM stack y and tame 
proper birational morphisms f : y ^ X and f : y ^ X such that 
Ky/x = Kyjx'. Then we have the following isomorphisms of Galois 
representations: 



4.4. Convergence and normal crossing divisors. 

Definition 4.10. Let A" be a smooth DM stack and D = Y2"=iDi a 
divisor of X with Di distinct prime divisors. We say that D is normal 
crossing if the pull-back of D to an atlas of X is (analytically) normal 
crossing. 

Let X hea. smooth DM stack and x G X{k). Let X = [Spec k[[xi, . . . , Xdjj/G] 
be the completion of X at x. If D is a normal crossing divisor on X, 
then for suitable local coordinates xi, . . . , Xd, the pull-back of to A" 
is defined by a monomial c<d. 

Definition 4.11. A normal crossing divisor D is said to be stable 
normal crossing if for every x G X{k), every irreducible component of 
its pull-back to Spec k[[xi, . . . , Xd]] is stable under the G-action. 

If D is stable normal crossing and / G N is prime to the character- 
istic of k, then for each embedding a : fii "-^ G, we can choose local 
coordinates xi, . . . ,Xd so that the /x^-action is linear and diagonal and 
th pull-back of D is defined by a monomial simultaneously: Suppose 
that the pull-back of D is defined by xi ■ ■ ■ Xc- Since each irreducible 
component is stable under the ^t^-action, for 1 < i < c and ( E fii, 
C{yi) lies in the ideal (^j). Let ( be the hnear part of (, namely 



□ 




□ 




CiUi) + (terms of order > 2). 
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then the /x^action is hnear. We have the identity of ideals (?/«) = {y'^), 
1 < i < c, hence the pull-back of D is still defined by a monomial. Then 
the //^-action must be diagonal about coordinates Xi, . . . ,Xc- Replacing 
the rest coordinates, we can diagonalize the action. 

Remark 4.12. The stable normal crossing divisor is a notion for stacks 
corresponding the G-normal pair in |Batj . 

Proposition 4.13. Let X be a smooth DM stack, D = XlHi ^j-^j a Q- 
divisor with stable normal crossing support and W G \X\ a constructible 
subset. Then Svy(A',_D) ^ oo if and only if Ui < 1 for every i with 
Di^W ^ 0. 

Proof. From the semicontinuity of dimension of fibers, it suffices to 
show the proposition in the case where W = {x} with x G X{k). 
Shrinking X, we can assume that every Di contains x. Take the com- 
pletion 

X := [SpecA;[[a;i, . . .,Xd]]/G] 

of X at X. Take an embedding a : fii ^ G and choose local coordinates 
Xi, . . . ,Xd so that acts linearly and diagonally and the pull-back of 
Di is defined by Xj = for 1 < z < c < d and x ^ Di for i > c. Suppose 
that C e fii acts by diag(C"^ . . . , 1 < a, < L 

Let V be the A;-point of J^qX corresponding (x, a). Then for < n < 
oo, the fiber {JnX^^ of J^X — > J^X over v is identified with 

Hom^j'j^„(M[xi,...,x,]],MM]A"'-^^). 

If 0" G {^Joo^\ and (y{xji) = T,j>Qaijt^^^°'% then the order of the ideal 
(xj) along the twisted arc a is 

y + min{j|aij ^ 0}. 

For a multi-index s = (si, . . . Sc) G {2,>oY, we define Vs C {JooX)v to 
be the set of a such that min{j|cr,j 7^ 0} = Sj for every 1 <i < c. Then 

(4.2) / L^°+^-^rf/i;t = y"/i3;(K)L^'=i"'^''+"'/'^. 

Here v G iJ/oA"! is the image of v and Vs C \ JooX\ is the image of Vg. 
For sufficiently large n, 

c c 

dim7r„(V's) = {d — c)n + ^^(?^ — Si) = dn — Sj. 

j=i 1=1 

Hence 

dim/iy(\/,)L^-i"'(^'+'^'/') = (m, - l)si + C. 
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Here C is a constant independent of s. Hence the right hand side of 
(14. 2j) converges if and only if < 1 for every i. □ 

Proposition 4.14. Let X be a smooth DM stack and D a normal 
crossing divisor of X . Then there exist a smooth DM stack y and a 
representable proper birational morphism f : y X such that f is an 
isomorphism over X \ D and f^^{D) is stable normal crossing. 

Proof. Let A be an irreducible component of D. Note that A can be 
singular. For each fc-point p E A, we define the index iaIp) as fol- 
lows: Let [Spec k[[xi, . . . , x^jj/G] be the completion of X at p. Choose 
coordinates so that the pull-back of A is defined by xi ■ ■ ■ Xc- Then 

za(p) := c. 
The function 

iA : A(fc) N 

is upper semi-continuous. The locus C A of the points of the maxi- 
mum index is a closed smooth substack defined over k. Let X' X he 
the blow-up along V, E the exceptional divisor, D' the strict transform 
of D and A' the strict transform of A. Then D'UE is normal crossing. 
For every irreducible component Ei of E and for every p G Ei{k), we 
have tEiip) = 1- Moreover the maximum value of the function i^r is 
less than that of i^. Hence repeating blow-ups, we obtain a proper 
birational morphism f : y ^ X such that every fc-point of f'^{D) has 
index one with respect to every irreducible component of f^^{D). It 
means that f~^{D) is stable normal crossing. □ 

Proposition 4.15. Let X be a smooth DM stack, D = 'Y^uiDi a Q- 
divisor with (not necessarily stable) normal crossing support and W C 
\X\ a constructible subset. Then T,\y{X,D) ^ oo if and only if ui < 1 
for every i with DiPiW ^ ^. 

Proof. Let / : 3^ ^ A" be a morphism as in Proposition 14.141 Then by 
Theorem 14.21 we have 

^w{X,D) = T.f-.^w)iy,rD - Ky,x). 

Shrinking A", we may assume that every Di meets W . By the standard 
calculation in the minimal model program, if < 1 for every z, then 
coefficients in f*D — Ky/x are also all < 1. Therefore from Proposition 
EM the ^w{X,D) = Ef-i^w){y,f*D - Ky,x) ^ oo. If > 1 for 
some i, the coefficient of the strict transform of Di in f*D — Kyjx is 
also Ui > 1. Hence again from Proposition I4.13t T,w{X,D) = oo. □ 
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4.5. Generalization to singular stacks. From now on, we assume 
that the base field k is of characteristic zero. 

Thanks to Hironaka Hir' , for every reduced variety X, there ex- 
ists a resolution of singularities, that is, a proper birational morphism 
Y ^ X with Y smooth. Villamayor |Villj |Vil2j constructed a reso- 
lution algorithm commuting with smooth morphisms. See also [BM^, 
|EVj . Let A" be a reduced DM stack and M an atlas. Then we ob- 
tain a groupoid space := M M =^ M. The associated stack 
of this groupoid space is canonically isomorphic to X. Let N and M 
be smooth varieties obtained from and M respectively by a reso- 
lution algorithm commuting with etale morphisms. Then we obtain a 
groupoid space =^ M. Its associated DM stack X is smooth and 
the natural morphism A" — > is representable, proper and birational. 
Thus for every reduced DM stack X, there exists a representable proper 
birational morphism y —>■ X with 3^ smooth. 

Let X he a. normal DM stack and D a Q-divisor on X. Suppose that 
Kx + -D is Q-Cartier. Then we say that the pair {X, D) is a log DM 
stack. For a resolution f : y X , we define a Q-divisor on 3^ by 

Ky + E = r{K;^ + D). 

Definition 4.16. Let the notations be as above. Let C jAfl be a 
constructible subset. Then we define an invariant 

Tjwi^^D) := Sj-i(iy)(3^, E). 
This is independent of the choice of resolutions, thanks to Theorem 

Definition 4.17. We say that the pair {X, D) is Kawamata log termi- 
nal (KLT for short) if for every representable resolution y —y X, every 
coefficient of the divisor E defined as above is less than one. 

In fact, we can see if {X, D) is KLT by looking at only one resolution 
with E normal crossing. The pair {X, D) is KLT if and only if for an 
atlas M X and the pull-back D' of D to M, the pair (M, D') is 
KLT. 

Proposition 4.18. The invariant J^wi^, D) is not infinite if and only 
if {X^D) is KLT around W (that is, for some open suhstack Xq G X 
containing W , {Xq,D\xq) is KLT). 

Proof. It is a direct consequence of Proposition 14. 15| and the definition 
of the invariant. □ 

Theorem 4.19. Let iX,D) and iX',D') be log DM stacks. Let W 
and W be constructible subsets of \X\ and \X'\ respectively. Assume 
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that there exist a smooth DM stack y and proper hirational morphisms 



f : y ^ X and f : y ^ X such thatf*{Kx + D) = f*{Kx' + D') and 
f-\W) = {f')-\W'). Then we have 



4.6. Invariants for varieties. If X is a variety, then we can describe 
the invariant Evy(X, D) with the motivic integration over X itself. It 
gives us a canonical expression of the invariant. 

Let X be a normal variety and D a Q-divisor on X such that m{Kx + 
D) is Cartier and mD is an integral divisor for some m G N. Let /C 
be the sheaf of total quotient rings of Ox- There exists a fractional 
ideal sheaf Q C K. such that Q = Ox{—mD) outside the singular locus 
of X, and the canonical isomorphism = QOx{fn{Kx + D)) 

outside the singular locus of X extends to an epimorphism (fi^)®"^ 
g ■ Ox{m{Kx + D)) all over X. 

Definition 4.20. Let X C /C be a fractional ideal sheaf. We define the 
order function of 1 as follows; 

ord J : JooX ^ Z U {oo} 



If A is a Cartier divisor and Xa = Ox{—A) is the corresponding 
fractional ideal sheaf, then we have ordXyi = 3a, at least outside a 
negligible subset. 

We have the following expression of the invariant Hwi^, D). 

Proposition 4.21. Let W G X be a constructive subset. We have 



Proof. Let / : F — > X be a resolution of singularities. We define a 
Q-divisor on F by 



Proof. It follows from Theorem 14.21 



□ 




(7 
(7 



X = (r) c Km) 

i = m- 




Ky + E = f*{Kx + D). 
Let X = Ox{—niE). We have natural morphisms 



f*Ox{m{Kx + D))=T-^ujf^ 

f*ilx ^ JaC/CiJy 

{n''xf--^gOxim{Kx + D)). 
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Therefore we have 

{jacfr = f-'g-i-\ 

We obtain an equation of measurable functions 

— ord^ o foo — Old Jacf = 3e- 
m 

Now the proposition follows from Theorem 13.331 □ 

Remark 4.22. This kind of integration over a singular variety was con- 
sidered in |DL2j (see also |Looj ) in relation to the McKay correspon- 



dence and in |Yas2j and |EMYj in relation to the discrepancy of singu- 
larities. 
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